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Äîñëiäæåíî ñèñòåìó îáñëóãîâóâàííÿ òèïó Mθ/G/1/m ç ãðóïîâèì íàä-
õîäæåííÿì çàìîâëåíü i ïîðîãîâèì áëîêóâàííÿì âõiäíîãî ïîòîêó. Áëîêó-
âàííÿ ïîòîêó çàìîâëåíü çäiéñíþ¹òüñÿ, ÿêùî â ìîìåíò ïî÷àòêó îáñëóãî-
âóâàííÿ ÷åðãîâîãî çàìîâëåííÿ êiëüêiñòü çàìîâëåíü ó ñèñòåìi ïåðåâèùó¹
çàäàíèé ïîðîãîâèé ðiâåíü h. Çíàéäåíî ïåðåòâîðåííÿ Ëàïëàñà äëÿ ðîçïîäi-
ëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi i äëÿ ôóíêöi¨
ðîçïîäiëó ïåðiîäó çàéíÿòîñòi, âèçíà÷åíà ñåðåäíÿ òðèâàëiñòü ïåðiîäó çàéíÿ-
òîñòi, îòðèìàíî ôîðìóëè äëÿ åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü
ó ñèñòåìi. Çàïðîïîíîâàíî åôåêòèâíèé àëãîðèòì îá÷èñëåííÿ åðãîäè÷íîãî
ðîçïîäiëó, ðåêóðåíòíi ñïiââiäíîøåííÿ ÿêîãî ÿâíî íå çàëåæàòü âiä m.

Êëþ÷îâi ñëîâà: ñèñòåìè Mθ/G/1/m i Mθ/G/1, áëîêóâàííÿ âõiäíîãî
ïîòîêó, ïåðiîä çàéíÿòîñòi, åðãîäè÷íèé ðîçïîäië.

1. Âñòóï. Ðîçãëÿíåìî ñèñòåìó ìàñîâîãî îáñëãîâóâàííÿ (ÑÌÎ) Mθ/G/1/m, ÿêó
ôîðìàëüíî îïèøåìî òàê. Íåõàé çàäàíî ïîñëiäîâíîñòi âèïàäêîâèõ âåëè÷èí {αn},
{θn}, {βn} (n > 1 ), äå αn � ÷àñ ìiæ íàäõîäæåííÿì (n − 1)�î¨ i n�î¨ ãðóïè çà-
ìîâëåíü, {θn} � êiëüêiñòü çàìîâëåíü â n�ié ãðóïi, à {βn} � ÷àñ îáñëóãîâóâàííÿ n�ãî
çàìîâëåííÿ. Âñi íàâåäåíi âèùå âåëè÷èíè íåçàëåæíi, ïðè÷îìó P{αn < x} = 1− e−λx

(λ > 0 ), P{θn = i} = ai ( i > 1 ), i P{βn < x} = F (x) ( x > 0 ), F (0) = 0. ßêùî
P{θn = 1} = a1 = 1, òî çàìîâëåííÿ â ñèñòåìó íàäõîäÿòü ïî îäíîìó.

Çàìîâëåííÿ îáñëóãîâóþòüñÿ ïî îäíîìó, îáñëóæåíå çàìîâëåííÿ ïîêèäà¹ ñèñòåìó,
à îáñëóãîâóþ÷èé ïðèñòðié íåãàéíî ïî÷èíà¹ îáñëóãîâóâàòè çàìîâëåííÿ ç ÷åðãè çà ¨¨
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íàÿâíîñòi àáî ÷åêà¹ íàäõîäæåííÿ ÷åðãîâî¨ ãðóïè çàìîâëåíü. Çàñòîñîâó¹òüñÿ äèñ-
öèïëiíà îáñëóãîâóâàííÿ FIFO. ×åðãà âñåðåäèíi îäíî¨ ãðóïè çàìîâëåíü ìîæå áóòè
îðãàíiçîâàíà äîâiëüíî.

Íåõàé m � ìàêñèìàëüíà êiëüêiñòü çàìîâëåíü, ÿêi îäíî÷àñíî ìîæóòü ïåðåáóâàòè
ó ÷åðçi. Îòæå, ÿêùî â ñèñòåìó, â ÿêié âæå ¹ k ∈ [0, m+1] çàìîâëåíü, íàäõîäèòü ãðóïà
êiëüêiñòþ θn çàìîâëåíü, òî ëèøå min {θn, m + 1− k} ç íèõ ïðè¹äíóþòüñÿ äî ÷åðãè,
à ðåøòà âòðà÷àþòüñÿ.

Ïîçíà÷èìî ÷åðåç ξ(t) êiëüêiñòü çàìîâëåíü ó ñèñòåìi â ìîìåíò ÷àñó t i ââåäåìî
äëÿ íàøî¨ ñèñòåìè Mθ/G/1/m òàê çâàíèé ïîðîãîâèé ðiâåíü h. ßêùî t � ìîìåíò
ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ i ξ(t) > h ( h = 1, m− 1 ), òî ïiä
÷àñ îáñëóãîâóâàííÿ öüîãî çàìîâëåííÿ çäiéñíþ¹òüñÿ áëîêóâàííÿ âõiäíîãî ïîòîêó çà-
ìîâëåíü (âîíè íå äîïóñêàþòüñÿ íà âõiä ñèñòåìè). Ïðîöåñ íàäõîäæåííÿ çàìîâëåíü
âiäíîâëþ¹òüñÿ â ìîìåíò t ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ, äëÿ ÿêîãî
ξ(t) ≤ h. Îïèñàíó ÑÌÎ ïîçíà÷èìî ÷åðåç Mθ

h/G/1/m.
Ìåòà íàøî¨ ïðàöi � âèâ÷åííÿ çà äîïîìîãîþ ìåòîäó ïîòåíöiàëó Â.Ñ. Êîðîëþêà

[1, 2] ãîëîâíèõ ôóíêöiîíàëiâ âiä ïðîöåñó îáñëóãîâóâàííÿ ñèñòåìè Mθ
h/G/1/m (ïåði-

îäó çàéíÿòîñòi, ðîçïîäiëó êiëüêîñòi çàìîâëåíü â ñèñòåìi) i ïîáóäîâà åôåêòèâíèõ îá-
÷èñëþâàëüíèõ àëãîðèòìiâ äëÿ âèçíà÷åííÿ ñòàöiîíàðíîãî ðîçïîäiëó êiëüêîñòi çàìîâ-
ëåíü, áåðó÷è äî óâàãè i âèïàäîê âiäñóòíîñòi îáìåæåíü íà äîâæèíó ÷åðãè (m = ∞).

Áiëüøiñòü àâòîðiâ ðîçãëÿäàþòü ñèñòåìè M/G/1/m, ùî çóìîâëåíî ñïåöèôiêîþ
ìåòîäiâ, ÿêi âîíè âèêîðèñòîâóþòü. Ó âèïàäêó íàäõîäæåííÿ çàìîâëåíü ïî îäíîìó
âõiäíèé ïîòiê ¹ çâè÷àéíèì ïóàññîíiâñüêèì ïðîöåñîì, à ó âèïàäêó ãðóïîâîãî íàä-
õîäæåííÿ öåé ïðîöåñ ñòà¹ óçàãàëüíåíèì ïóàññîíiâñüêèì, ùî çíà÷íî óñêëàäíþ¹ äî-
ñëiäæåííÿ ç òî÷êè çîðó àíàëiòèêè. Â 1974 ð. Â.Ñ. Êîðîëþê [1] çàïðîïîíóâàâ íîâèé
ïiäõiä äî âèâ÷åííÿ ôóíêöiîíàëiâ, ïîâ'ÿçàíèõ ç ôëóêòóàöiÿìè íàïiâíåïåðåðâíîãî óçà-
ãàëüíåíîãî ïðîöåñó Ïóàññîíà, ÿêèé ó éîãî ìîíîãðàôi¨ [2] áóâ ïåðåíåñåíèé i íà âèïà-
äîê íåïåðåðâíèõ çíèçó âèïàäêîâèõ áëóêàíü. Ó ïðàöÿõ éîãî ó÷íiâ (Áðàòié÷óêà Ì.Ñ.
[3], Õóñàíîâà Ì. [4], Ïiðäæàíîâà Á. [5]) öåé ïiäõiä áóâ óñïiøíî çàñòîñîâàíèé äî àíà-
ëiçó ñèñòåì òèïó M/G/1 ÿê ç íåîáìåæåíîþ, òàê i ç îáìåæåíîþ ÷åðãîþ, à â ïðàöÿõ
[6, 7] � äî äîñëiäæåííÿ ñèñòåì Mθ/G/1/m.

Ñèñòåìè Mθ/G/1/m ç áëîêóâàííÿì âõiäíîãî ïîòîêó ìàëî âèâ÷åíi â ëiòåðàòóði.
Íàì âiäîìi ëèøå ñòàòòi À.Ì. Áðàòié÷óêà [8�10], â ÿêèõ ìåòîäîì ïîòåíöiàëó äîñëi-
äæåíî ñèñòåìè ç òàê çâàíèì âiäíîâëþþ÷èì ðiâíåì âõiäíîãî ïîòîêó. Êîëè äîâæèíà
÷åðãè â òàêié ñèñòåìi äîñÿãà¹ ðiâíÿ m, ïðîöåñ íàäõîäæåííÿ çàìîâëåíü áëîêó¹òüñÿ i
âiäíîâëþ¹òüñÿ ëèøå òîäi, êîëè êiëüêiñòü çàìîâëåíü äîñÿãíå ïåâíîãî ðiâíÿ h ∈ [1, m].
Ó âèïàäêó, êîëè θ = 1 (çàìîâëåííÿ íàäõîäÿòü ïî îäíîìó), òàêi ñèñòåìè âïåðøå ðîç-
ãëÿíóòî â ïðàöÿõ [11, 12]. Çàñòîñóâàííÿ áëîêóâàííÿ âõiäíîãî ïîòîêó â ñèñòåìàõ
îáñëóãîâóâàííÿ ìîæíà ïîÿñíèòè íàìàãàííÿì çìåíøèòè êiëüêiñòü âòðà÷åíèõ çàìîâ-
ëåíü, êîðèñòóþ÷èñü òàêèì ïðàâèëîì: "êðàùå íàïåðåä ïîïåðåäèòè ïðî ïåðåïîâíåííÿ
ñèñòåìè, íiæ ïðèéíÿòè çàìîâëåííÿ i âòðàòèòè éîãî".

2. Îñíîâíi ïîçíà÷åííÿ i äîïîìiæíi ðåçóëüòàòè. Ïîçíà÷èìî ÷åðåç Mn (Pn)
óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ (óìîâíó éìîâiðíiñòü) çà óìîâè, ùî â ïî÷àòêîâèé ìî-
ìåíò ÷àñó â ñèñòåìi ïåðåáóâà¹ n ≥ 0 çàìîâëåíü, i ÷åðåç M (P) óìîâíå ìàòåìàòè÷íå
ñïîäiâàííÿ (óìîâíó éìîâiðíiñòü) çà óìîâè, ùî ñèñòåìà ïî÷èíà¹ ïðàöþâàòè â ìîìåíò
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íàäõîäæåííÿ ïåðøî¨ ãðóïè çàìîâëåíü. Íèæ÷å áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà-
÷åííÿ: η(x) � êiëüêiñòü çàìîâëåíü, ÿêi íàäiéøëè â ñèñòåìó íà ïðîìiæêó ÷àñó [0; x);
βj � ÷àñ îáñëóãîâóâàííÿ j�ãî çàìîâëåííÿ; ak∗

i � k�êðàòíà çãîðòêà ïîñëiäîâíîñòi ai;
a(s, z) = s+λ

(
1−α(z)

)
; ρk(m) � åðãîäè÷íèé ðîçïîäië êiëüêîñòi çàìîâëåíü ó ñèñòåìi.

Íåõàé

f(s) =

∞∫

0

e−sxdF (x), m1 =

∞∫

0

xdF (x) < ∞, b1 =
∞∑

k=1

kak < ∞;

F (x) = 1− F (x), α(z) =
∞∑

k=1

zkak; an =
∞∑

k=n

ak,

pn(s) =
∞∑

k=n

pk(s), qn(s) =
∞∑

k=n

qk(s),
0∑

k=1

bk = 0.

Äëÿ Re s ≥ 0 âèçíà÷èìî ïîñëiäîâíîñòi pi(s) (i = −1, 0, 1, . . .) i qi(s) (i = 0, 1, . . .)
çà äîïîìîãîþ ñïiââiäíîøåíü

∞∑

i=−1

zipi(s) =
f(a(s, z))

zf(s)
,

∞∑

i=0

ziqi(s) =
1− f(a(s, z))

a(s, z)
. (1)

Ëåãêî ïîêàçàòè, ùî

pi(s) =
1

f(s)

i+1∑

k=0

ak∗
i+1

∞∫

0

e−(λ+s)x (λx)k

k!
dF (x) ( i = −1, 0, 1, ... ) ;

qi(s) =

∞∫

0

e−sx P{η(x) = i }F (x) dx =
i∑

k=0

ak∗
i

∞∫

0

e−(λ+s)x (λx)k

k!
F (x) dx.

(2)

Íèæ÷å áóäåìî âèêîðèñòîâóâàòè ôóíêöiþ Rk(s), âèçíà÷åíó çà äîïîìîãîþ ðiâíîñòi

∞∑

k=1

zkRk(s) =
z

f
(
a(s, z)

)− z
, |z| < ν−(s), (3)

äå ν−(s) � ¹äèíèé êîðiíü ðiâíÿííÿ f
(
a(s, z)

)
= z íà ïðîìiæêó [0; 1].

Ïîçíà÷èìî: ρ = λm1b1, ν− = lim
s→+0, ρ>1

ν−(s);

pi = lim
s→+0

pi(s), Ri = lim
s→+0

Ri(s), qi = lim
s→+0

qi(s). (4)
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Òîäi ç ðiâíîñòåé (1)�(3) ìà¹ìî:
∞∑

i=−1

zipi =
f
(
λ(1− α(z))

)

z
; pi =

i+1∑

k=0

ak∗
i+1

∞∫

0

e−λx (λx)k

k!
dF (x) ( i = −1, 0, 1, ... ) ;

∞∑

k=1

zkRk =
z

f
(
λ(1− α(z))

)− z
, |z| < min{1, ν−} ;

∞∑

i=0

ziqi =
1− f

(
λ(1− α(z))

)

λ(1− α(z))
, qi =

i∑

k=0

ak∗
i

∞∫

0

e−λx (λx)k

k!
F (x) dx,

∞∑

k=0

qk = m1.

3. Ðîçïîäië êiëüêîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi.
Íåõàé τ(m) = inf{ t ≥ 0 : ξ(t) = 0 } ïîçíà÷à¹ ïåðøèé ïåðiîä çàéíÿòîñòi äëÿ ñèñòåìè
Mθ

h/G/1/m, i
ϕn(t, k) = Pn{ ξ(t) = k, τ(m) > t } ( 1 ≤ n, k ≤ m + 1 ),

Φn(s, k) =

∞∫

0

e−stϕn(t, k) dt, Re s > 0.

Î÷åâèäíî, ùî ϕ0(t, k) = 0. Âèêîðèñòîâóþ÷è ôîðìóëó ïîâíî¨ éìîâiðíîñòi, äëÿ
1 ≤ n ≤ h îäåðæèìî

ϕn(t, k) =
m−n∑

j=0

t∫

0

P{η(x) = j }ϕn+j−1(t− x, k) dF (x)+

+

t∫

0

P{η(x) ≥ m + 1− n }ϕm(t− x, k) dF (x)+

+
(
P{η(t) = k − n }+ I{k = m + 1}P{η(t) ≥ m + 2− n })F (t).

(5)

Òóò I{A} äîðiâíþ¹ 1 àáî 0, çàëåæíî âiä òîãî, âiäáóëàñü ïîäiÿ A ÷è íi.
Äëÿ h + 1 ≤ n ≤ m + 1 ôîðìóëà ïîâíî¨ éìîâiðíîñòi äà¹ òàêå ñïiââiäíîøåííÿ:

ϕn(t, k) =

t∫

0

P
{n−h∑

i=1

βi ∈ dx

}
ϕh(t− x, k)+

+ I{h + 1 ≤ k ≤ n− 1}
t∫

0

P
{n−k∑

i=1

βi ∈ dx

}
F (t− x) + I{k = n}F (t).

(6)

Ïåðåéäåìî â (5) i (6) äî ïåðåòâîðåíü Ëàïëàñà. Âðàõîâóþ÷è ñïiââiäíîøåííÿ (2),
îäåðæèìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ ôóíêöié Φn(s, k)

Φn(s, k) = f(s)
m−n∑

j=0

pj−1(s)Φn+j−1(s, k) + f(s)pm−n(s)Φm(s, k)+

+ qk−n(s) + I{k = m + 1}qm+2−n(s), 1 ≤ n ≤ h,

(7)
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Φn(s, k) = fn−h(s)Φh(s, k)+

+ I{h + 1 ≤ k ≤ n}fn−k(s)
1− f(s)

s
, h + 1 ≤ n ≤ m + 1

(8)

ç ãðàíè÷íîþ óìîâîþ

Φ0(s, k) = 0. (9)

Âèðàçèâøè ç (8) Φm(s, k) i âñi Φn(s, k) äëÿ h + 1 ≤ n ≤ m− 1 i ïiäñòàâèâøè ¨õ
ó (7), îòðèìà¹ìî ðiâíÿííÿ

Φn(s, k)− f(s)
h−n−1∑

j=−1

pj(s)Φn+j(s, k) =

= f(s)Ln(s)Φh(s, k) + Mn(s, k), 1 ≤ n ≤ h.

(10)

Òóò

Ln(s) = fm−h(s)pm−n(s) +
m−1∑

j=h

pj−n(s)f j−h(s);

Mn(s, k) = qk−n(s) + I{k = m + 1}qm+2−n(s)+

+
(

I{h + 1 ≤ k ≤ m}pm−n(s)fm+1−k(s)+

+
m−1∑

j=h+1

pj−n(s)f j−k+1(s)I{h + 1 ≤ k ≤ j}
)

1− f(s)
s

.

Äëÿ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (10), âèêîðèñòîâóþ÷è ðåçóëüòàòè ç [6], îòðèìà¹ìî
çîáðàæåííÿ

Φn(s, k) =
(

1 + Qh+1−n(s)− f(s)
h−n∑

i=1

Ri(s)Ln+i(s)
)

Φh(s, k)−

−
h−n∑

i=1

Ri(s)Mn+i(s, k), 1 ≤ n ≤ h,

(11)

äå Qn(s) =
n−1∑
j=1

Rj(s)dn−j−1(s), dk(s) = 1− f(s)
k−1∑
i=−1

pi(s).

Çà äîïîìîãîþ ñïiââiäíîøåííÿ (3) ìîæíà îòðèìàòè ðiâíiñòü

f(s)
n∑

j=1

Rj(s)pn−j(s) = Rn(s)− (
1− f(s)

) n∑

j=1

Rj(s)− 1, n ≥ 1. (12)

Öå ñïiââiäíîøåííÿ, à òàêîæ ðiâíiñòü dk(s) = 1− f(s) + f(s)pk(s) äàþòü:

1 + Qn(s) = 1 +
(
1− f(s)

) n−1∑

j=1

Rj(s) + f(s)
n−1∑

j=1

Rj(s)pn−j−1(s) = Rn−1(s).



ÄÎÑËIÄÆÅÍÍß ÑÈÑÒÅÌ M/G/1/m ÒÀ M/G/1 ... 31

Òåïåð ñïiââiäíîøåííÿ (11) ìîæåìî ïåðåïèñàòè òàê

Φn(s, k) = Dn(s)Φh(s, k)−
h−n∑

i=1

Ri(s)Mn+i(s, k), 1 ≤ n ≤ h, (13)

äå

Dn(s) = Rh−n(s)− f(s)
h−n∑

i=1

Ri(s)Ln+i(s), n ≥ 0. (14)

Ïîêëàâøè â (13) n = 0, ç ãðàíè÷íî¨ óìîâè (9) îäåðæèìî

Φh(s, k) =
1

D0(s)

h∑

i=1

Ri(s)Mi(s, k). (15)

Îòæå, ìè äîâåëè òàêó òåîðåìó.
Òåîðåìà 1. Äëÿ äîâiëüíèõ 1 ≤ k ≤ m + 1 i Re s > 0 ìàþòü ìiñöå çîáðàæåííÿ:

∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt =

= Dn(s)Φh(s, k)−
h−n∑

i=1

Ri(s)Mn+i(s, k), 1 ≤ n ≤ h;

∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt = fn−h(s)Φh(s, k)+

+ I{h + 1 ≤ k ≤ n}fn−k(s)
1− f(s)

s
, h + 1 ≤ n ≤ m,

(16)

äå ôóíêöiÿ Φh(s, k) âèçíà÷åíà â (15), à Dn(s) � â (14).
4. Ïåðiîä çàéíÿòîñòi òà åðãîäè÷íèé ðîçïîäië. ßêùî ñèñòåìà ïî÷èíà¹ ïðà-

öþâàòè â ìîìåíò íàäõîäæåííÿ ïåðøî¨ ãðóïè çàìîâëåíü, òî

∞∫

0

e−st P{ ξ(t) = k, τ(m) > t } dt =
m∑

n=1

an

∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt+

+ am+1

∞∫

0

e−st Pm+1{ ξ(t) = k, τ(m) > t } dt =

=
m∑

n=1

anΦn(s, k) + am+1Φm+1(s, k).

(17)
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Âèðàç äëÿ Φm+1(s, k) ìîæíà îòðèìàòè ç ðiâíîñòi (8), ïîêëàâøè â íié n = m + 1.
Òåïåð, âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (16), ìîæåìî äåòàëüíî ðîçïèñàòè ïðàâó ÷àñ-
òèíó (17)

∞∫

0

e−st P{ ξ(t) = k, τ(m) > t } dt =

=
(h−1∑

n=1

anDn(s) +
m∑

n=h

anfn−h(s) + am+1f
m−h+1(s)

)
Φh(s, k)−

−
h−1∑
n=1

an

h−n∑

i=1

Ri(s)Mn+i(s, k) +
( m∑

n=h+1

anfn−k(s)I{h + 1 ≤ k ≤ n}+

+ am+1f
m−k+1(s)I{h + 1 ≤ k ≤ m + 1}

)
1− f(s)

s
.

(18)

Äëÿ îòðèìàííÿ çîáðàæåííÿ äëÿ
∞∫
0

e−st P{ τ(m) > t } dt íàì íåîáõiäíî ïåðåéòè â

ðiâíîñòi (18) äî ñóìóâàííÿ ïî k âiä 1 äî m + 1.
Áåçïîñåðåäíiì îá÷èñëåííÿì ìîæíà ïåðåêîíàòèñü, ùî

m+1∑

k=1

(
qk−n(s) + I{k = m + 1}qm−n+2(s)

)
=

∞∑

k=0

qk(s) =
1− f(s)

s
.

Ïîçíà÷èìî
m+1∑
k=1

Mn(s, k) ÷åðåç Mn(s). Òîäi

Mn(s) =
1− f(s)

s
+ f(s)

(
1− fm−h(s)

s
pm−n(s) +

m−1∑

j=h+1

pj−n(s)
1− f j−h(s)

s

)
;

m+1∑

k=1

Φh(s, k) =
1

D0(s)

h∑

i=1

Ri(s)Mi(s),

i ç (18) îòðèìó¹ìî
∞∫

0

e−st P{ τ(m) > t } dt =
(h−1∑

n=1

anDn(s) +
m∑

n=h

anfn−h(s) + am+1f
m+1−h(s)

)
×

× 1
D0(s)

h∑

i=1

Ri(s)Mi(s)−
h−1∑
n=1

an

h−n∑

i=1

Ri(s)Mn+i(s)+

+
1
s

m∑

n=h+1

an

(
1− fn−h(s)

)
+

am+1

s

(
1− fm+1−h(s)

)
.

(19)

Âêîíà¹ìî îá÷èñëåííÿ, íåîáõiäíi äëÿ ïåðåõîäó â (19) äî ãðàíèöi ïðè s → +0.
Âèêîðèñòîâóâàòèìåìî ïîñëiäîâíîñòi {pi}, {qi} i {Ri}, âèçíà÷åíi â (4). Äëÿ âñiõ n ≥ 1
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ç (12) âèïëèâàþòü ðiâíîñòi
n∑

i=1

Ripn−i = Rn − 1,

òîìó, âðàõîâóþ÷è, ùî f(0) = 1, äëÿ n ≥ 0 ç (14) îòðèìó¹ìî

Dn(0) = Rh−n −
h−n∑

i=1

Ri

(
pm−n−i +

m−1∑

j=h

pj−n−i

)
= Rh−n − (Rh−n − 1) = 1. (20)

Îñêiëüêè

lim
s→+0

(h−1∑
n=1

anDn(s) +
m∑

n=h

anfn−h(s) + am+1f
m+1−h(s)

)
=

∞∑
n=1

an = 1,

òî, âðàõîâóþ÷è (20), ïiñëÿ ïåðåõîäó â ðiâíîñòi (19) äî ãðàíèöi ïðè s → +0, îòðè-
ìà¹ìî ôîðìóëó äëÿ ñåðåäíüî¨ òðèâàëîñòi ïåðiîäó çàéíÿòîñòi

M τ(m) = m1

( h∑

i=1

Ri

(
1 + (m− h)pm−i +

m−1∑

j=h+1

(j − h)pj−i

)
−

−
h−1∑
n=1

an

h−n∑

i=1

Ri

(
1 + (m− h)pm−n−i +

m−1∑

j=h+1

(j − h)pj−n−i

)
+

+
m∑

n=h+1

(n− h)an + (m + 1− h)am+1

)
.

(21)

Ïîêëàâøè â ðiâíîñòi (18) s = 0, îäåðæèìî ñïiââiäíîøåííÿ
∞∫

0

P{ ξ(t) = k, τ(m) > t } dt =
h∑

i=1

RiMi(k)−
h−1∑
n=1

an

h−n∑

i=1

RiMn+i(k)+

+ m1

( m∑

n=h+1

anI{h + 1 ≤ k ≤ n}+ am+1I{h + 1 ≤ k ≤ m + 1}
)

.

(22)

Òóò
Mi(k) =Mi(0, k) = qk−i + I{k = m + 1}qm−i+2+

+ m1

(
I{h + 1 ≤ k ≤ m− 1}

m−1∑

j=k

pj−i + I{h + 1 ≤ k ≤ m}pm−i

)
.

(23)

Âèêîðèñòîâóþ÷è âóçëîâó òåîðåìó âiäíîâëåííÿ [13, c. 46], i ìiðêóþ÷è òàê, ÿê ó
ïðàöi [6], îá÷èñëèìî ãðàíèöi

lim
t→∞

P{ ξ(t) = k } =
λ

λM τ(m) + 1

∞∫

0

P{ ξ(u) = k, τ(m) ≥ u } du ( k = 1, m + 1 );

lim
t→∞

P{ ξ(t) = 0 } =
1

λM τ(m) + 1
.
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Çâiäñè çà äîïîìîãîþ (22)�(23) îäåðæó¹ìî òàêå òâåðäæåííÿ.
Òåîðåìà 2. Äëÿ åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi M θ

h/G/1/m
ìàþòü ìiñöå òàêi çîáðàæåííÿ:

ρ0(m) =
1

λM τ(m) + 1
;

ρk(m) =
λ

λM τ(m) + 1

( k∑

i=1

Riqk−i −
h−1∑
n=1

an

k−n∑

i=1

Riqk−n−i

)
( k = 1, h );

ρk(m) =
λ

λM τ(m) + 1

( h∑

i=1

Ri

(
qk−i + m1pk−i

)−

−
h−1∑
n=1

an

h−n∑

i=1

Ri

(
qk−n−i + m1pk−n−i

)
+ m1ak

)
( k = h + 1, m );

ρm+1(m) =
λ

λM τ(m) + 1

( h∑

i=1

Riqm+1−i −
h−1∑
n=1

an

h−n∑

i=1

Riqm+1−n−i + m1am+1

)
.

(24)

5. Âèïàäîê âiäñóòíîñòi îáìåæåíü íà äîâæèíó ÷åðãè. Ðîçãëÿíåìî ñèñòåìó
M θ

h/G/1, äëÿ ÿêî¨ âiäñóòíÿ óìîâà îáìåæåíîñòi äîâæèíè ÷åðãè (m = ∞). Îáìåæè-
ìîñü âèçíà÷åííÿì ñåðåäíüî¨ òðèâàëîñòi ïåðiîäó çàéÿòîñòi òà åðãîäè÷íîãî ðîçïîäiëó
êiëüêîñòi çàìîâëåíü ó òàêié ñèñòåìi.

Ïðîàíàëiçó¹ìî ïîâåäiíêó ïðè m → ∞ îêðåìèõ äîäàíêiâ ó ôîðìóëi (21), ÿêà
âèçíà÷à¹ ñåðåäíþ òðèâàëiñòü ïåðiîäó çàéÿòîñòi M τ(m). Îñêiëüêè

mpm =
∞∑

i=m

mpi ≤
∞∑

i=m

ipi,

òî lim
m→∞

mpm = 0, áî

lim
m→∞

mpm ≤ lim
m→∞

∞∑

i=m

ipi = 0.

Àíàëîãi÷íî äîâîäèòüñÿ, ùî lim
m→∞

mam = 0.
Òåïåð ìîæíà ïåðåéòè äî ãðàíèöi ïðè m →∞ â ðiâíîñòi (21) i îäåðæàòè ôîðìóëó

äëÿ ñåðåäíüî¨ òðèâàëîñòi ïåðiîäó çàéÿòîñòi äëÿ ñèñòåìè M θ
h/G/1

M τ(∞) = m1

( h∑

i=1

Ri

(
1 +

∞∑

j=h+1

(j − h)pj−i

)
−

−
h−1∑
n=1

an

h−n∑

i=1

Ri

(
1 +

∞∑

j=h+1

(j − h)pj−n−i

)
+

∞∑

n=h+1

(n− h)an

)
.

(25)

Ïiñëÿ ïåðåõîäó äî ãðàíèöi ïðè m → ∞ ó ñïiââiäíîøåííÿõ (24) îòðèìà¹ìî òàêå
òâåðäæåííÿ.
Òåîðåìà 3. Äëÿ åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi M θ

h/G/1
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ìàþòü ìiñöå òàêi çîáðàæåííÿ:

ρ0(∞) =
1

λM τ(∞) + 1
;

ρk(∞) =
λ

λM τ(∞) + 1

( k∑

i=1

Riqk−i −
h−1∑
n=1

an

k−n∑

i=1

Riqk−n−i

)
( k = 1, h );

ρk(∞) =
λ

λM τ(m) + 1

( h∑

i=1

Ri

(
qk−i + m1pk−i

)−

−
h−1∑
n=1

an

h−n∑

i=1

Ri

(
qk−n−i + m1pk−n−i

)
+ m1ak

)
( k ≥ h + 1 ).

(26)

6. Ïðèêëàäè îá÷èñëåííÿ åðãîäè÷íîãî ðîçïîäiëó. Ïåðø çà âñå ïîáóäó-
¹ìî àëãîðèòìè äëÿ îá÷èñëåííÿ ïîñëiäîâíîñòåé Ri, qi ( i ≥ 1). Çàóâàæèìî, ùî öi
àëãîðèòìè íå çàëåæàòü âiä ïàðàìåòðà m i òîìó äëÿ ¨õ ðåàëiçàöi¨ äîñèòü âîëîäiòè
iíôîðìàöi¹þ ïðî âõiäíèé ïîòiê i ðîçïîäië ÷àñó îáñëóãîâóâàííÿ (ôóíêöiþ F (x) ).

Ç îçíà÷åíü ïîñëiäîâíîñòåé Ri, qi âèïëèâàþòü ðåêóðåíòíi ñïiââiäíîøåííÿ:

R1 =
1

p−1
, Rk+1 =

Rk −
k−1∑
i=0

piRk−i

p−1
( k ≥ 1 );

q0 =
1− f(λ)

λ
, qk =

k∑

i=1

aiqk−i − pk−1

λ
( k ≥ 1 ).

Ïðèïóñòèìî, ùî ÷àñ îáñëóãîâóâàííÿ ðîçïîäiëåíèé çà çàêîíîì Åðëàíãà äðóãîãî
ïîðÿäêó

(
F (x) = 1 − (1 + µx)e−µx, x ≥ 0

)
ç ñåðåäíiì çíà÷åííÿì m1, à çàìîâëåííÿ

íàäõîäÿòü ïàðàìè (a1 = 0; a2 = 1; ai = 0, i > 2).
ßêùî a2 = 1, òî îá÷èñëåííÿ çà ôîðìóëàìè

pi =
i+1∑

k=0

ak∗
i+1

∞∫

0

e−λx (λx)k

k!
dF (x) ( i = −1, 0, 1, ... )

äàþòü òàêi ðåçóëüòàòè:

p2i−1 =
(i + 1)µ2λi

(λ + µ)i+2
; p2i = 0 ( i = 0, 1, 2, ... ) ;

p2i−1 = p2i−2 =

(
λ + (i + 1)µ

)
λi

(λ + µ)i+1
( i = 1, 2, 3, ... ) ;

∞∑

i=1

pi = p1 +
2λ2(2λ + 3µ)

µ(λ + µ)2
.

Íåõàé h = 4, λ = 1, µ = 1, òîäi m1 = 2. Ðîçãëÿíåìî âèïàäêè: m = 8 (ïðèê-
ëàä 1); m = ∞ (ïðèêëàä 2).
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Ïðèêëàä 1. Êîðèñòóþ÷èñü ôîðìóëîþ (21), îá÷èñëþ¹ìî ñåðåäíþ òðèâàëiñòü ïåði-
îäó çàéíÿòîñòi ñèñòåìè ç îáìåæåíîþ ÷åðãîþ

M τ(8) = m1

( 4∑

i=1

Ri

(
1 + 4p8−i +

7∑

j=5

(j − 4)pj−i

)
−

−
2∑

i=1

Ri

(
1 + 4p6−i +

7∑

j=5

(j − 4)pj−i−2

))
= 1658.

Ïîçíà÷èìî ÷åðåç πi ñòàöiîíàðíó éìîâiðíiñòü òîãî, ùî äîâæèíà ÷åðãè äîðiâíþ¹ i.
Òîäi π0 = ρ0 + ρ1, πi = ρi+1, i ≥ 1. Ó ðÿäêó "πi" òàáëèöi 1 íàâåäåíi éìîâiðíîñòi πi,
îá÷èñëåíi çà åðãîäè÷íèì ðîçïîäiëîì ρi, çíàéäåíèì çà ôîðìóëàìè (24). Ó íèæíüîìó
ðÿäêó öi¹¨ òàáëèöi äëÿ ïîðiâíÿííÿ çàïèñàíi çíà÷åííÿ âiäïîâiäíèõ iìîâiðíîñòåé äëÿ
÷àñó t = 150 000, îäåðæàíi çà äîïîìîãîþ ñèñòåìè iìiòàöiéíîãî ìîäåëþâàííÿ GPSS
World [14, 15].

Òàáëèöÿ 1. Ñòàöiîíàðíèé ðîçïîäië äîâæèíè ÷åðãè (ïðèêëàä 1)
Äîâæèíà ÷åðãè (i) 0 1 2 3 4

πi 0,0024 0,0072 0,0265 0,0989 0,2506
πi (GPSS World) 0,0027 0,0075 0,0275 0,0992 0,2501
Äîâæèíà ÷åðãè (i) 5 6 7 8 �

πi 0,2324 0,1644 0,1450 0,0726 �
πi (GPSS World) 0,2326 0,1639 0,1446 0,0719 �

Ïðèêëàä 2. Çà ôîðìóëîþ (25) çíàõîäèìî ñåðåäíþ òðèâàëiñòü ïåðiîäó çàéíÿòîñòi
ñèñòåìè ç íåîáìåæåíîþ ÷åðãîþ

M τ(∞) = m1

( 4∑

i=1

Ri

(
1 +

∞∑

j=5

(j − 4)pj−i

)
−

2∑

i=1

Ri

(
1 +

∞∑

j=5

(j − 4)pj−i−2

))
= 2276.

Ñòàöiîíàðíèé ðîçïîäië êiëüêîñòi çàìîâëåíü ó ñèñòåìi îá÷èñëþ¹ìî çà ôîðìóëàìè
(26). Ðåçóëüòàòè, îòðèìàíi äëÿ ñòàöiîíàðíîãî ðîçïîäiëó äîâæèíè ÷åðãè, íàâåäåíi ó
òàáëèöi 2.

Òàáëèöÿ 2. Ñòàöiîíàðíèé ðîçïîäië äîâæèíè ÷åðãè (ïðèêëàä 2)
Äîâæèíà ÷åðãè (i) 0 1 2 3 4

πi 0,0018 0,0053 0,0193 0,0720 0,1826
πi (GPSS World) 0,0018 0,0051 0,0194 0,0721 0,1836
Äîâæèíà ÷åðãè (i) 5 6 7 8 9

πi 0,1693 0,1198 0,1056 0,0741 0,0633
πi (GPSS World) 0,1687 0,1192 0,1080 0,0746 0,0630
Äîâæèíà ÷åðãè (i) 10 11 12 13 . . .

πi 0,0442 0,0369 0,0257 0,0211 . . .
πi (GPSS World) 0,0439 0,0359 0,0261 0,0210 . . .
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7. Äîäàòîê. Ïðîãðàìè äëÿ GPSS WORLD.
Lam EQU 1 ; çíà÷åííÿ λ
Myu EQU 1 ; çíà÷åííÿ µ
AH EQU 4 ; ïîðiã áëîêóâàííÿ
Em EQU 8 ; ìàêñèìàëüíà äîâæèíà ÷åðãè (äëÿ ïðèêëàäó 1)
CHASM EQU 150000 ; ÷àñ ìîäåëþâàííÿ
QQ TABLE Q$CHER,0,1,10 ; ãiñòîãðàìà ðîçïîäiëó äîâæèíè ÷åðãè
GENERATE 0.5
TABULATE QQ
TERMINATE
GENERATE (Exponential(5,0,(1/Lam)))
SPLIT 2,MIT1 ; íàäõîäæåííÿ çàìîâëåíü ïàðàìè
TRANSFER ,OUT
MIT1 TEST L Q$CHER,Em,OUT ; îáìåæåííÿ íà äîâæèíó ÷åðãè (äëÿ ïðèêëàäó 1)
GATE LS KLU,OUT
QUEUE CHER
SEIZE SYS
DEPART CHER
TEST L Q$CHER,AH,MMU2
MMU1 SPLIT 1,MITS
ADVANCE (Exponential(5,0,(1/Myu))+Exponential(5,0,(1/Myu))) ; ÷àñ îáñëóãîâ.
TRANSFER ,MIT2
MMU2 SPLIT 1,MITR
ADVANCE (Exponential(5,0,(1/Myu))+Exponential(5,0,(1/Myu))) ; ÷àñ îáñëóãîâ.
MIT2 RELEASE SYS
TERMINATE
MITS LOGIC S KLU
TERMINATE
MITR LOGIC R KLU
OUT TERMINATE
GENERATE ½,1
LOGIC S KLU
TERMINATE
GENERATE CHASM
TERMINATE 1
START 1
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1Øëüîíñüêèé ïîëiòåõíi÷íèé óíiâåðñèòåò,
44-100, Ãëiâiöå, âóë. Êàøóáñüêà, 23,
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Äîñëiäæåíî ñèñòåìó îáñëóãîâóâàííÿ òèïó Mθ/G/1/m ç ãðóïîâèì íàä-
õîäæåííÿì çàìîâëåíü i ïîðîãîâèì áëîêóâàííÿì âõiäíîãî ïîòîêó. Áëîêó-
âàííÿ ïîòîêó çàìîâëåíü çäiéñíþ¹òüñÿ, ÿêùî â ìîìåíò ïî÷àòêó îáñëóãî-
âóâàííÿ ÷åðãîâîãî çàìîâëåííÿ êiëüêiñòü çàìîâëåíü ó ñèñòåìi ïåðåâèùó¹
çàäàíèé ïîðîãîâèé ðiâåíü h. Çíàéäåíî ïåðåòâîðåííÿ Ëàïëàñà äëÿ ðîçïîäi-
ëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi i äëÿ ôóíêöi¨
ðîçïîäiëó ïåðiîäó çàéíÿòîñòi, âèçíà÷åíà ñåðåäíÿ òðèâàëiñòü ïåðiîäó çàéíÿ-
òîñòi, îòðèìàíî ôîðìóëè äëÿ åðãîäè÷íîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü
ó ñèñòåìi. Çàïðîïîíîâàíî åôåêòèâíèé àëãîðèòì îá÷èñëåííÿ åðãîäè÷íîãî
ðîçïîäiëó, ðåêóðåíòíi ñïiââiäíîøåííÿ ÿêîãî ÿâíî íå çàëåæàòü âiä m.
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Êëþ÷îâi ñëîâà: ñèñòåìè Mθ/G/1/m i Mθ/G/1, áëîêóâàííÿ âõiäíîãî
ïîòîêó, ïåðiîä çàéíÿòîñòi, åðãîäè÷íèé ðîçïîäië.

RESEARCH OF M/G/1/m AND M/G/1 QUEUES
WITH GROUP ARRIVALS AND THRESHOLD BLOCKING

OF AN INPUT FLOW

Mykola BRATIICHUK1, Yuriy ZHERNOVYI2
1Silesian University of Technology,
44-100, Gliwice, Kashubska str., 23,

2Ivan Franko National University of L'viv,
79000, L'viv, Universytets'ka str., 1
e-mail: yu_zhernovyi@yahoo.com

The Mθ/G/1/m queue with group arrivals and threshold blocking strategy
of an input �ow is investigated. If at the moment of beginning the service of
the next customer the number of customers in the system exceeds some level
h, the input �ow is blocked while service process goes its own way. The arrivals
of the new customers resume when the number of customers in the system
decreases to the level h. Laplace transforms for distributions of the number of
customers in the system on the busy period and for the busy time distribution
function are found. Average duration of the busy time, and formulas for the
ergodic distribution of number of customers in the system are obtained. The
e�ective calculative algorithm for the ergodic distribution, based on recurrent
relations which do not depend explicitly on m, is proposed.

Key words: the Mθ/G/1/m and Mθ/G/1 queueing systems, blocking of an
input �ow, busy time, ergodic distribution.

ÈÑÑËÅÄÎÂÀÍÈÅ ÑÈÑÒÅÌ M/G/1/m È M/G/1
Ñ ÃÐÓÏÏÎÂÛÌ ÏÎÑÒÓÏËÅÍÈÅÌ ÇÀßÂÎÊ È

ÏÎÐÎÃÎÂÎÉ ÁËÎÊÈÐÎÂÊÎÉ ÂÕÎÄÍÎÃÎ ÏÎÒÎÊÀ
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1Øë¼íñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò,
44-100, Ãëèâèöå, óë. Êàøóáñêàÿ, 23,
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79000, Ëüâîâ, óë. Óíèâåðñèòåòñêàÿ, 1
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Èññëåäîâàíà ñèñòåìà îáñëóæèâàíèÿ òèïà Mθ/G/1/m ñ ãðóïïîâûì ïî-
ñòóïëåíèåì çàÿâîê è ïîðîãîâîé áëîêèðîâêîé âõîäíîãî ïîòîêà. Áëîêèðîâêà
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ïîòîêà çàÿâîê îñóùåñòâëÿåòñÿ, åñëè â ìîìåíò íà÷àëà îáñëóæèâàíèÿ î÷å-
ðåäíîé çàÿâêè ÷èñëî çàÿâîê â ñèñòåìå ïðåâûøàåò çàäàííûé ïîðîãîâûé
óðîâåíü h. Íàéäåíû ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ðàñïðåäåëåíèÿ ÷èñëà
çàÿâîê â ñèñòåìå íà ïåðèîäå çàíÿòîñòè è äëÿ ôóíêöèè ðàñïðåäåëåíèÿ ïå-
ðèîäà çàíÿòîñòè, îïðåäåëåíà ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà çàíÿòî-
ñòè, ïîëó÷åíû ôîðìóëû äëÿ ýðãîäè÷åñêîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê
â ñèñòåìå. Ïðåäëîæåí ýôôåêòèâíûé àëãîðèòì âû÷èñëåíèÿ ýðãîäè÷åñêîãî
ðàñïðåäåëåíèÿ, ðåêóððåíòíûå ñîîòíîøåíèÿ êîòîðîãî ÿâíî íå çàâèñÿò îò m.

Êëþ÷åâûå ñëîâà: ñèñòåìû Mθ/G/1/m è Mθ/G/1/m, áëîêèðîâêà âõî-
äíîãî ïîòîêà, ïåðèîä çàíÿòîñòè, ýðãîäè÷åñêîå ðàñïðåäåëåíèå.


