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Óñòàíîâëåíû óñëîâèÿ åäèíñòâåííîñòè ðåøåíèÿ äâóõòî÷å÷íûõ êðàåâûõ
çàäà÷ äëÿ ñèñòåìû äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåð-
âîãî ïîðÿäêà, äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà è äëÿ ñèñòåìû óðàâíåíèé âòîðîãî ïîðÿäêà ñ íåëèíåéíûì âõîæäå-
íèåì ñòàðøåé ïðîèçâîäíîé. Äëÿ óðàâíåíèé âòîðîãî ïîðÿäêà ðàññìîòðåí
âîïðîñ îá àïðèîðíûõ îöåíêàõ ðåøåíèé êðàåâûõ çàäà÷.

1. Ââåäåíèå. Òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ îáû-
êíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé
ïðîèçâîäíîé, ðàññìàòðèâàëèñü â ðàáîòàõ [1, c. 95-114; 2, 3]. Â íàñòîÿùåé ñòàòüå
äîêàçàíû òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ
ñèñòåìû äâóõ óðàâíåíèé ïåðâîãî ïîðÿäêà

h(t, x, y, x′) = 0, f(t, x, y, y′) = 0,

äëÿ óðàâíåíèé âòîðîãî ïîðÿäêà F (t, x′′) = 0, F (t, x, x′, x′′) = 0 è äëÿ ñèñòåìû
óðàâíåíèé âòîðîãî ïîðÿäêà f(t, x, x′, x′′) = 0, õàðàêòåðíîé îñîáåííîñòüþ êîòîðûõ
ÿâëÿåòñÿ íåëèíåéíîå âõîæäåíèå ñòàðøåé ïðîèçâîäíîé. Äëÿ óðàâíåíèé âòîðîãî
ïîðÿäêà ïîïóòíî ðàññìîòðåí âîïðîñ îá àïðèîðíûõ îöåíêàõ ðåøåíèÿ êðàåâûõ
çàäà÷.

Ïóñòü R = (−∞, +∞), a, b ∈ R, b > a, I = [a, b]. Åñëè x(t), t ∈ I, åñòü
íåïðåðûâíàÿ ôóíêöèÿ, èìåþùàÿ k íåïðåðûâíûõ ïðîèçâîäíûõ, òî áóäåì ïèñàòü
x ∈ Ck(I), è, àíàëîãè÷íî, x ∈ ACk(I), åñëè k-ÿ ïðîèçâîäíàÿ àáñîëþòíî íå-
ïðåðûâíà. Åñëè ôóíêöèÿ f(t, x1, . . . , xp): I × Rp → R óäîâëåòâîðÿåò óñëî-
âèþ Êàðàòåîäîðè [1, c. 15], òî áóäåì ïèñàòü, ÷òî f(t, x1, . . . , xp) ∈ Car(I × Rp).
Íèæå òàì, ãäå âñòðå÷àþòñÿ ñóììèðóåìûå ôóíêöèè, ïîäðàçóìåâàåì, ÷òî ñîîò-
âåòñòâóþùåå ñîîòíîøåíèå âûïîëíÿåòñÿ ïî÷òè âñþäó. Ïîä âîçðàñòàíèåì (óáû-
âàíèåì) ôóíêöèè ïî êàêîìó-íèáóäü àðãóìåíòó ïîíèìàåì ìîíîòîíîå âîçðàñòàíèå
(óáûâàíèå) â ñòðîãîì ñìûñëå.

2. Àïðèîðíûå îöåíêè è åäèíñòâåííîñòü ðåøåíèÿ (óðàâíåíèÿ âòîðî-
ãî ïîðÿäêà). Ðàññìîòðèì íåëèíåéíóþ êðàåâóþ çàäà÷ó

N [x] ≡ F (t, x′′) = 0, (t, x′′) ∈ I × R; (1)

λ1[x] ≡ ϕ
(
x(a), x′(a)

)
= 0, λ2[x] ≡ ψ

(
x(b), x′(b)

)
= 0. (2)

Òåîðåìà 1. Ïóñòü ôóíêöèÿ F (t, x′′) èìååò íåïðåðûâíóþ ÷àñòíóþ ïðîèçâîäíóþ
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ïî x′′, ïðè÷åì
∂F

∂x′′
> 0, (t, x′′) ∈ I × R, (3)

à ôóíêöèè ϕ(s1, s2), ψ(τ1, τ2) èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî
êàæäîé ïåðåìåííîé äëÿ âñåõ (s1, s2) ∈ R2, (τ1, τ2) ∈ R2, ïðè÷åì

∣∣∣∣
∂ϕ

∂s1

∣∣∣∣ +
∣∣∣∣
∂ϕ

∂s2

∣∣∣∣ > 0,
∂ϕ

∂s1

∂ϕ

∂s2
≤ 0, (s1, s2) ∈ R2;

∣∣∣∣
∂ψ

∂τ1

∣∣∣∣ +
∣∣∣∣
∂ψ

∂τ2

∣∣∣∣ > 0,
∂ψ

∂τ1

∂ψ

∂τ2
≥ 0, (τ1, τ2) ∈ R2.

(4)

Ïóñòü x(t) � ðåøåíèå çàäà÷è (1), (2), z1(t), z2(t) � äâàæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìûå ôóíêöèè, êîòîðûå óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì (2). Òîãäà
åñëè N [z1] = ψ1(t) ≥ 0, N [z2] = ψ2(t) ≤ 0, ∀t ∈ I, òî ñïðàâåäëèâû îöåíêè
z1(t) ≤ x(t) ≤ z2(t), ∀t ∈ I.

Äîêàçàòåëüñòâî. Âû÷èòàÿ ïî÷ëåííî ðàâåíñòâà N [z1] = ψ1(t), λ1[z1] = 0,
λ2[z1] = 0 ñîîòâåòñòâåííî èç ðàâåíñòâ N [x] = 0, λ1[x] = 0, λ2[x] = 0, ïîëó÷èì

F (t, x′′)− F (t, z′′1 ) = −ψ1(t);

ϕ
(
x(a), x′(a)

)− ϕ
(
z1(a), z′1(a)

)
= 0, ψ

(
x(b), x′(b)

)− ψ
(
z1(b), z′1(b)

)
= 0.

(5)

Ïîñêîëüêó ôóíêöèè F (t, x′′), ϕ(s1, s2), ψ(τ1, τ2) óäîâëåòâîðÿþò óñëîâèÿì ëåììû
Àäàìàðà [4, c. 81], òî íàéäóòñÿ òàêèå íåïðåðûâíàÿ äëÿ t ∈ I ôóíêöèÿ r(t) è
ïîñòîÿííûå α0, α1, β0, β1, ÷òî

F (t, x′′)− F (t, z′′1 ) = r(t)u′′(t), ψ
(
x(b), x′(b)

)− ψ
(
z1(b), z′1(b)

)
= β0u(b) + β1u

′(b),

ϕ
(
x(a), x′(a)

)− ϕ
(
z1(a), z′1(a)

)
= α0u(a) + α1u

′(a), (6)

ãäå u(t) = x(t)− z1(t). Òîãäà èç (5) ïîëó÷èì

u′′ = −ψ1(t)
r(t)

, l1[u] ≡ α0u(a) + α1u
′(a) = 0, l2[u] ≡ β0u(b) + β1u

′(b) = 0. (7)

Èç óñëîâèÿ (3) âûòåêàåò, ÷òî r(t) > 0 ∀t ∈ I, à èç (4) èìååì, ÷òî

|α0|+ |α1| > 0, |β0|+ |β1| > 0, α0α1 ≤ 0, β0β1 ≥ 0. (8)

Ïðè âûïîëíåíèè óñëîâèé (8) ôóíêöèÿ Ãðèíà çàäà÷è (7)

G(t, s) =

{[
α0(s− a)− α1

][
β0(b− t) + β1

]
/P, a ≤ s ≤ t ≤ b;[

β0(b− s) + β1

][
α0(t− a)− α1

]
/P, a ≤ t ≤ s ≤ b,

ãäå P = α1β0 − α0β1 − α0β0(b − a), óäîâëåòâîðÿåò óñëîâèþ G(t, s) ≤ 0 äëÿ
(t, s) ∈ I × I. Çàïèñàâ ðåøåíèå çàäà÷è (7) â âèäå

u(t) = −
b∫

a

G(t, s)
ψ1(s)
r(s)

ds,

ïîëó÷èì, ÷òî u(t) = x(t)− z1(t) ≥ 0 ∀t ∈ I. Òåîðåìà äîêàçàíà.
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Çàìå÷àíèå 1.1. Óñëîâèå (3) ìîæíî çàìåíèòü óñëîâèåì
∂F

∂x′′
< 0, (t, x′′) ∈ I × R. (9)

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1), (2) ïîëó÷èì îöåíêè z2(t) ≤ x(t) ≤ z1(t).
Çàìå÷àíèå 1.2. Â ñëó÷àå ëèíåéíûõ êðàåâûõ óñëîâèé l1[x] = A, l2[x] = B óñëîâèÿ
(4) ïðèíèìàþò âèä (8).

Ñëåäñòâèåì òåîðåìû 1 ÿâëÿåòñÿ òåîðåìà î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è
(1), (2).
Òåîðåìà 2. Åñëè âûïîëíÿþòñÿ óñëîâèÿ (3) (ëèáî (9)) è (4), òî êðàåâàÿ çàäà÷à
(1), (2) íå ìîæåò èìåòü äâóõ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî x1(t) 6= x2(t) � äâà ðåøåíèÿ çàäà÷è
(1), (2). Òîãäà, ïîëîæèâ x1(t) = z1(t), èç òåîðåìû 1 ïîëó÷èì, ÷òî x1(t) ≤ x2(t).
Ñ äðóãîé ñòîðîíû, ïîëîæèâ x2(t) = z1(t), áóäåì èìåòü, ÷òî x2(t) ≤ x1(t). Ïîýòîìó
x1(t) = x2(t).
Çàìå÷àíèå 2.1. Óñëîâèå (3) (ëèáî (9)) äëÿ ôóíêöèè F ÿâëÿåòñÿ ñóùåñòâåí-
íûì. Â ñàìîì äåëå, ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′ − α(t) sin x′′ = 0, l1[x] = A, l2[x] = B, (10)

â ïðåäïîëîæåíèè, ÷òî óñëîâèÿ (8) âûïîëíÿþòñÿ. Åñëè α(t) > 1 ∀t ∈ I, òî
óñëîâèå (3) íå âûïîëíÿåòñÿ è çàäà÷à (10) èìååò íå ìåíåå òðåõ ðåøåíèé (îíè
ñîîòâåòñòâóþò îáùèì ðåøåíèÿì óðàâíåíèé

x′′(t) = ci(t), i = 1, 2, . . . , k, k ≥ 3,

ãäå i(t) � àáñöèññû òî÷åê ïåðåñå÷åíèÿ ãðàôèêîâ ôóíêöèé y = x, y = α(t) sin x,
t ∈ I). Åñëè æå 0 < α(t) < 1 ∀t ∈ I, òî óñëîâèå (3) âûïîëíÿåòñÿ è çàäà÷à (10)
èìååò åäèíñòâåííîå ðåøåíèå, ñîîòâåòñòâóþùåå îáùåìó ðåøåíèþ óðàâíåíèÿ
x′′ = 0. Óñëîâèå (3) âûïîëíÿåòñÿ òàêæå, íàïðèìåð, äëÿ çàäà÷è,

x′′ + (x′′)3 = 0, x(a) = A, x(b) = B,

åìåþùåé åäèíñòâåííîå ðåøåíèå.
Òåïåðü ðàññìîòðèì êðàåâóþ çàäà÷ó

M [x] ≡ F (t, x, x′, x′′) = 0, (t, x, x′, x′′) ∈ I × R3; (11)

λ1[x] ≡ ϕ
(
x(a), x′(a)

)
= 0, ν2[x] ≡ ψ

(
x(b)

)
= 0. (12)

Òåîðåìà 3. Ïóñòü ôóíêöèÿ F (t, x, x′, x′′) èìååò íåïðåðûâíûå ïðîèçâîäíûå ïî
x, x′, x′′, ôóíêöèÿ ϕ(s1, s2) � ïî s1, s2 äëÿ âñåõ (s1, s2) ∈ R2, à ôóíêöèÿ ψ(s)
íåïðåðûâíà è äèôôåðåíöèðóåìà ïðè âñåõ s ∈ R, ïðè÷åì

∂F

∂x
≤ M1,

∣∣∣∣
∂F

∂x′

∣∣∣∣ ≤ M2,
∂F

∂x′′
≥ M3 > 0, (t, x, x′, x′′) ∈ I × R3, (13)

è âûïîëíÿþòñÿ íåðàâåíñòâà
∣∣∣∣
∂ϕ

∂s1

∣∣∣∣ +
∣∣∣∣
∂ϕ

∂s2

∣∣∣∣ > 0,
∂ϕ

∂s1

∂ϕ

∂s2
≤ 0, (s1, s2) ∈ R2; ψ′(s) 6= 0, s ∈ R;

p2A2
0(s1, s2)M1

8M3
+

pA0(s1, s2)M2

2M3
− 1 ≤ 0, (s1, s2) ∈ R2,

(14)
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ãäå
p = b− a, A0(s1, s2) =

(
p

∂ϕ

∂s1
− 2

∂ϕ

∂s2

)/(
p

∂ϕ

∂s1
− ∂ϕ

∂s2

)

è M1 = 0, åñëè ∂F/∂x < 0 äëÿ (t, x, x′, x′′) ∈ I × R3. Ïóñòü x(t) � ðåøåíèå
çàäà÷è (11), (12), z1(t), z2(t) � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè,
óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì (12). Òîãäà åñëè M [z1] = ψ1(t) ≥ 0,
M [z2] = ψ2(t) ≤ 0 ∀t ∈ I, òî ñïðàâåäëèâû îöåíêè z1(t) ≤ x(t) ≤ z2(t), ∀t ∈ I.

Äîêàçàòåëüñòâî. Âû÷èòàÿ ïî÷ëåííî ðàâåíñòâà M [z1] = ψ1(t), λ1[z1] = 0,
ν2[z1] = 0 ñîîòâåòñòâåííî èç ðàâåíñòâ M [x] = 0, λ1[x] = 0, ν2[x] = 0, ïîëó÷èì

F (t, x, x′, x′′)− F (t, z1, z
′
1, z

′′
1 ) = −ψ1(t);

ϕ
(
x(a), x′(a)

)− ϕ
(
z1(a), z′1(a)

)
= 0, ψ

(
x(b)

)− ψ
(
z1(b)

)
= 0.

(15)

Ïîëîæèâ u(t) = x(t) − z1(t) è ïðèìåíèâ ëåììó Àäàìàðà è òåîðåìó î ñåðåäíåì,
ïîëó÷èì ñîîòíîøåíèÿ

F (t, x, x′, x′′)−F (t, z1, z
′
1, z

′′
1 ) = q(t)u+p(t)u′+r(t)u′′, ψ

(
x(b)

)−ψ
(
z1(b)

)
= β0u(b) = 0,

ãäå β 6= 0, è ðàâåíñòâî (6). Ïîýòîìó èç (15) áóäåì èìåòü

u′′ + p̃(t)u′ + q̃(t)u = −ψ̃1(t), α0u(a) + α1u
′(a) = u(b) = 0, (16)

ãäå
p̃(t) = p(t)/r(t), q̃(t) = q(t)/r(t), ψ̃1(t) = ψ1(t)/r(t).

Èç óñëîâèé (13) âûòåêàåò, ÷òî

q(t) ≤ M1, |p(t)| ≤ M2, r(t) ≥ M3 > 0, t ∈ I,

à èç (14) ïîëó÷èì íåðàâåíñòâà

|α0|+ |α1| > 0, α0α1 ≤ 0;
p2a2

0M1

8M3
+

pa0M2

2M3
− 1 ≤ 0, (17)

ãäå a0 = (pα0 − 2α1)/(pα0 − α1). Ïîýòîìó ñïðàâåäëèâû îöåíêè

q̃(t) ≤ M1/M3, |p̃(t)| ≤ M2/M3,

êîòîðûå âìåñòå ñ óñëîâèÿìè (17) ãàðàíòèðóþò ñóùåñòâîâàíèå ôóíêöèè Ãðèíà
G(t, s) çàäà÷è (16), ïðè÷åì G(t, s) ≤ 0 äëÿ (t, s) ∈ I × I (ñì. ñëåäñòâèå òåîðåìû 4
è òåîðåìó 7 ðàáîòû [3]). Çàïèñàâ ðåøåíèå çàäà÷è (16) â âèäå

u(t) = −
b∫

a

G(t, s)ψ̃1(s) ds,

ïîëó÷èì, ÷òî u(t) = x(t)− z1(t) ≥ 0 ∀t ∈ I. Òåîðåìà äîêàçàíà.
Çàìå÷àíèå 3.1. Àíàëîãè÷íàÿ òåîðåìà ñïðàâåäëèâà äëÿ óðàâíåíèÿ (11) ç êðàå-
âûìè óñëîâèÿìè

ν1[x] ≡ ϕ
(
x(a)

)
= 0, λ2[x] ≡ ψ

(
x(b), x′(b)

)
= 0.
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Èç òåîðåìû 3, òàê æå, êàê è èç òåîðåìû 1, ñëåäóåò
Òåîðåìà 4. Åñëè âûïîëíÿþòñÿ óñëîâèÿ (13), (14), òî êðàåâàÿ çàäà÷à (11), (12)
íå ìîæåò èìåòü äâóõ ðåøåíèé.

3. Ñèñòåìà äâóõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ðàññìîòðèì êðàåâóþ
çàäà÷ó

h(t, x, y, x′) = 0, f(t, x, y, y′) = 0, (18)

x(a) = A, x(b) = B, (19)

ãäå h, f ∈ C(I×R3), A, B ∈ R. Ïóñòü x1, x2, y1, y2 ∈ C1(I). Ââåäåì îáîçíà÷åíèÿ:

Hx(t) =
[
h
(
t, x1(t), y1(t), x′1(t)

)− h
(
t, x2(t), y1(t), x′1(t)

)]
/
(
x1(t)− x2(t)

)
,

Hx′(t) =
[
h
(
t, x2(t), y2(t), x′1(t)

)− h
(
t, x2(t), y2(t), x′2(t)

)]
/
(
x′1(t)− x′2(t)

)
,

Fy(t) =
[
f
(
t, x2(t), y1(t), y′1(t)

)− f
(
t, x2(t), y2(t), y′1(t)

)]
/
(
y1(t)− y2(t)

)
,

Fy′(t) =
[
f
(
t, x2(t), y2(t), y′1(t)

)− f
(
t, x2(t), y2(t), y′2(t)

)]
/
(
y′1(t)− y′2(t)

)
.

Ýòè îáîçíà÷åíèÿ èìåþò ñìûñë òîëüêî äëÿ òåõ t ∈ I, äëÿ êîòîðûõ x1(t) 6= x2(t),
x′1(t) 6= 6= x′2(t), y1(t) 6= y2(t), y′1(t) 6= y′2(t) ñîîòâåòñòâåííî è ëèøü äëÿ òàêèõ
çíà÷åíèé t îíè è áóäóò èñïîëüçîâàòüñÿ â äîêàçàòåëüñòâàõ.
Òåîðåìà 5. Ïóñòü h(t, x, y, x′) âîçðàñòàåò ïî x è ïî y è óáûâàåò ïî x′,
f(t, x, y, y′) âîçðàñòàåò ïî x, íå âîçðàñòàåò ïî y è óáûâàåò ïî y′. Òîãäà êðàåâàÿ
çàäà÷à (18), (19) íå ìîæåò èìåòü äâóõ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî çàäà÷à (18), (19) èìååò äâà ðåøåíèÿ(
x1(t), y1(t)

)
è

(
x2(t), y2(t)

)
, òàê ÷òî

max
t∈I

(|x1(t)− x2(t)|+ |y1(t)− y2(t)|
)

> 0.

Òîãäà íå ìîæåò áûòü, ÷òî x1(t) = x2(t) ∀t ∈ I, ïîñêîëüêó, â ñèëó âîçðàñòàíèÿ
ôóíêöèè h ïî y, èç óðàâíåíèé

h(t, x1, y1, x
′
1) = 0, h(t, x1, y2, x

′
1) = 0

ñëåäóåò, ÷òî y1(t) = y2(t) ∀t ∈ I. Ðàññìîòðèì u(t) = x1(t) − x2(t) 6≡ 0,
t ∈ I. Ìîæåì ñ÷èòàòü, ÷òî ñóùåñòâóåò òî÷êà τ ∈ I, â êîòîðîé u(τ) > 0. Ïóñòü
(t1, t2), t1 < t2 � íàèáîëüøèé èíòåðâàë, ñîäåðæàùèé òî÷êó τ , â êîòîðîì u(t) > 0.
Ó÷èòûâàÿ êðàåâûå óñëîâèÿ (19), èìååì: u(t1) = u(t2) = 0.

Ïîêàæåì, ÷òî äëÿ ëþáîãî t ∈ [t1, t2] v(t) = y1(t) − y2(t) ≥ 0. Åñëè ýòî íå
òàê, òî íàéäåòñÿ òî÷êà t0 ∈ (t1, t2), â êîòîðîé v(t0) < 0. Òîãäà ïðåäïîëîæèì, ÷òî
ñóùåñòâóåò òî÷êà t∗ ∈ (t1, t0), òàêàÿ, ÷òî v(t∗) = 0, v(t) < 0 ∀t ∈ (t∗, t0], çíà÷èò,
v′(t∗) ≤ 0. Èñïîëüçóÿ âòîðîå óðàâíåíèå (18), ïîëó÷èì

0 = f
(
t∗, x1(t∗), y1(t∗), y′1(t∗)

)− f
(
t∗, x2(t∗), y1(t∗), y′2(t∗)

)
> 0,

ñ ó÷åòîì òîãî, ÷òî f âîçðàñòàåò ïî x è óáûâàåò ïî y′. Ïîëó÷åííîå ïðîòèâîðå÷èå
äîêàçûâàåò, ÷òî v(t) < 0 ∀t ∈ (t1, t0].

Â îêðåñòíîñòè òî÷êè t0, êðîìå òåõ òî÷åê, â êîòîðûõ v′(t) = 0, ôóíêöèÿ v(t)
óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

v′ = ã(t) + Fyy′(t) v, (20)
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ãäå

ã(t) = a(t)αy′(t), Fyy′(t) = Fy(t)αy′(t) ≤ 0, αy′(t) = −1/Fy′(t) > 0,

a(t) = f
(
t, x1(t), y1(t), y′1(t)

)− f
(
t, x2(t), y1(t), y′1(t)

)
> 0.

Ïîêàæåì, ÷òî v′(t) 6= 0 ∀t ∈ (t1, t0]. Ïóñòü ñóùåñòâóåò òî÷êà τ∗ ∈ (t1, t0] òàêàÿ, ÷òî
v′(τ∗) = 0. Ïîñêîëüêó u(τ∗) > 0, v(τ∗) < 0, òî, ó÷èòûâàÿ âîçðàñòàíèå f(t, x, y, y′)
ïî x è íå âîçðàñòàíèå ïî y, èç âòîðîãî óðàâíåíèÿ (18) ïîëó÷èì ïðîòèâîðå÷èå

0 = f
(
τ∗, x1(τ∗), y1(τ∗), y′1(τ∗)

)− f
(
τ∗, x2(τ∗), y2(τ∗), y′1(τ∗)

)
> 0,

êîòîðîå äîêàçûâàåò, ÷òî v′(t) 6= 0 ∀t ∈ (t1, t0]. Èíòåãðèðóÿ óðàâíåíèå (20),
ïîëó÷àåì

v(t) =
(
v(t0) +

t∫

t0

ã(τ) exp
(−B(τ)

)
dτ

)
exp

(
B(t)

)
, (21)

ãäå

B(t) =

t∫

t0

Fyy′(τ) dτ ≥ 0, t ∈ [t1, t0], v(t0) < 0, ã(τ) > 0, τ ∈ (t1, t0].

Èç (21) ïðè t → t1 ñëåäóåò, ÷òî

v(t1) ≤ v(t0) exp
(
B(t1)

) ≤ v(t0) < 0.

Òàêèì îáðàçîì, v(t) < 0 ∀t ∈ [t1, t0].
Èòàê, â òî÷êå t = t1 èìååì: u(t1) = 0, u′(t1) ≥ 0 è v(t1) < 0. Ñ ó÷åòîì

ìîíîòîííîñòè h ïî y è x′ èç ïåðâîãî óðàâíåíèÿ (18) âûâîäèì, ÷òî

0 = h
(
t1, x1(t1), y1(t1), x′1(t1)

)− h
(
t1, x1(t1), y2(t1), x′2(t1)

)
< 0.

Ïîëó÷åííîå ïðîòèâîðå÷èå ïîêàçûâàåò îøèáî÷íîñòü ïðåäïîëîæåíèÿ î òîì, ÷òî
íàéäåòñÿ òî÷êà t0 ∈ (t1, t2), ãäå v(t0) < 0, ïîýòîìó v(t) ≥ 0 ∀t ∈ [t1, t2].

Äàëåå, èñïîëüçóÿ ïåðâîå óðàâíåíèå ñèñòåìû (18), íàõîäèì, ÷òî u(t) äëÿ
t ∈ (t1, t2), êðîìå òåõ òî÷åê, â êîòîðûõ u′(t) = 0, óäîâëåòâîðÿåò óðàâíåíèþ

u′ = ã0(t) + Hxx′(t) u, (22)

ãäå

ã0(t) = a0(t)βx′(t), Hxx′(t) = Hx(t)βx′(t) > 0, βx′(t) = −1/Hx′(t) > 0,

a0(t) = h
(
t, x2(t), y1(t), x′1(t)

)− h
(
t, x2(t), y2(t), x′1(t)

) ≥ 0.

Ïîêàæåì, ÷òî u′(t) 6= 0 ∀t ∈ (t1, t2). Ïóñòü ñóùåñòâóåò òî÷êà τ0 ∈ (t1, t2) òàêàÿ,
÷òî u′(τ0) = 0. Ïîñêîëüêó u(τ0) > 0, v(τ0) ≥ 0, òî, ó÷èòûâàÿ âîçðàñòàíèå
h(t, x, y, x′) ïî x è y, èç ïåðâîãî óðàâíåíèÿ (18) ïîëó÷èì ïðîòèâîðå÷èå

0 = h
(
τ0, x1(τ0), y1(τ0), x′1(τ0)

)− h
(
τ0, x2(τ0), y2(τ0), x′1(τ0)

)
> 0,

êîòîðîå äîêàçûâàåò, ÷òî u′(t) 6= 0 ∀t ∈ (t1, t2).
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Èíòåãðèðóÿ óðàâíåíèå (22) îò t = τ1 ∈ (t1, t2) äî t ∈ [τ1, t2), ïîëó÷èì

u(t) =
(
u(τ1) +

t∫

τ1

ã0(τ) exp
(−B0(τ)

)
dτ

)
exp

(
B0(t)

)
, t ∈ [τ1, t2), (23)

ãäå

B0(t) =

t∫

τ1

Hxx′(τ) dτ > 0, t ∈ (τ1, t2], u(τ1) > 0, ã0(τ) ≥ 0, τ ∈ [τ1, t2].

Èç (23) ïðè t → t2 áóäåì èìåòü

u(t2) ≥ u(τ1) exp
(
B0(t2)

)
> u(τ1) > 0,

à ýòî ïðîòèâîðå÷èò óñëîâèþ u(t2) = 0, ÷òî è äîêàçûâàåò òåîðåìó 5.
Ðàññìîòðèì ñèñòåìó

x′ = h(t, x, y), f(t, x, y, y′) = 0 (24)

ç êðàåâûìè óñëîâèÿìè (19), ãäå h ∈ Car(I × R2), f ∈ C(I × R3).
Äëÿ x1, x2 ∈ AC(I), y1, y2 ∈ C1(I) ââåäåì îáîçíà÷åíèå

Hx(t) =
[
h
(
t, x1(t), y1(t)

)− h
(
t, x2(t), y1(t)

)]
/
(
x1(t)− x2(t)

)
.

Òåîðåìà 6. Ïóñòü h(t, x, y) âîçðàñòàåò ïî y, f(t, x, y, y′) óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû 5 è äëÿ ëþáîãî M > 0 ñóùåñòâóåò ñóììèðóåìàÿ íà I ôóíê-
öèÿ k(t) ≥ 0, òàêàÿ, ÷òî

|Hx(t)| ≤ k(t) (25)

äëÿ ëþáûõ x1, x2 ∈ AC(I), y1, y2 ∈ C1(I), |xi(t)| ≤ M , |yi(t)| ≤ M ∀t ∈ I
(i = 1, 2), ïðè÷åì íåðàâåíñòâî (25) âûïîëíÿåòñÿ ïî÷òè äëÿ âñåõ t â êàæäîì
èíòåðâàëå èç îòðåçêà I, ãäå x1(t) 6= x2(t). Òîãäà êðàåâàÿ çàäà÷à (24), (19) íå
ìîæåò èìåòü äâóõ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò äâà ðåøåíèÿ
(
x1(t), y1(t)

)
è(

x2(t), y2(t)
)
. Òàê æå êàê è â äîêàçàòåëüñòâå òåîðåìû 5, ëåãêî ïîêàçàòü, ÷òî íå

ìîæåò áûòü ñëó÷àÿ, êîãäà x1(t) = x2(t) ∀t ∈ I. Ïîýòîìó u(t) = x1(t)− x2(t) 6≡ 0.
Ïóñòü (t1, t2) � íàéáîëüøèé èíòåðâàë, â êîòîðîì u(t) > 0. Î÷åâèäíî, ÷òî a ≤ t1 <
< t2 ≤ b è u(t1) = u(t2) = 0. Êàê è â äîêàçàòåëüñòâå òåîðåìû 5, èç ïðåäïîëîæå-
íèÿ, ÷òî v(t0) < 0, ãäå t0 ∈ (t1, t2), ïîëó÷èì, ÷òî v(t) < 0 ∀t ∈ [t1, t0]. Ïîñëå ýòîãî
äîêàçàòåëüñòâî çàêàí÷èâàåòñÿ, êàê â òåîðåìå 1 ðàáîòû [1, ñ. 96�97].

Ðàññìîòðèì ñèñòåìó

h(t, x, y, x′) = 0, y′ = f(t, x, y) (26)

ç êðàåâûìè óñëîâèÿìè (19), ãäå h ∈ C(I×R3), f ∈ Car(I×R2). Äëÿ x1, x2 ∈ C1(I),
y1, y2 ∈ AC(I) ââåäåì îáîçíà÷åíèå

Fy(t) =
[
f
(
t, x2(t), y1(t)

)− f
(
t, x2(t), y2(t)

)]
/
(
y1(t)− y2(t)

)
.
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Òåîðåìà 7. Ïóñòü h(t, x, y, x′) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 5, f(t, x, y)
íå óáûâàåò ïî x è äëÿ ëþáîãî M > 0 ñóùåñòâóåò ñóììèðóåìàÿ íà I ôóíêöèÿ
k1(t), òàêàÿ, ÷òî

Fy(t) ≤ k1(t) (27)

äëÿ ëþáûõ x1, x2 ∈ C1(I), y1, y2 ∈ AC(I), |xi(t)| ≤ M , |yi(t)| ≤ M ∀t ∈ I
(i = 1, 2), ïðè÷åì íåðàâåíñòâî (27) âûïîëíÿåòñÿ â êàæäîì èíòåðâàëå èç îò-
ðåçêà I, ãäå y1(t) 6= y2(t). Òîãäà êðàåâàÿ çàäà÷à (26), (19) íå ìîæåò èìåòü äâóõ
ðåøåíèé.

Äîêàçàòåëüñòâî. Íà÷èíàÿ äîêàçàòåëüñòâî, êàê è â òåîðåìå 5, ïîëó÷èì, ÷òî
(t1, t2) � íàèáîëüøèé èíòåðâàë, â êîòîðîì u(t) > 0. Èñïîëüçóÿ óñëîâèå (27),
ïðèõîäèì ê âûâîäó, êàê â äîêàçàòåëüñòâå òåîðåìû 1 ðàáîòû [1, ñ. 96�97], ÷òî
v(t) < 0 ∀t ∈ [t1, t0]. Ïîñëå ýòîãî äîêàçàòåëüñòâî çàêàí÷èâàåòñÿ, êàê â òåîðåìå 5.
Çàìå÷àíèå 7.1. Òåîðåìû 5�7 îñòàþòñÿ ñïðàâåäëèâûìè, åñëè êðàåâûå óñëîâèÿ
(19) çàìåíèòü óñëîâèÿìè

L1

(
x(a), y(a)

)
= 0, L2

(
x(a), x(b), y(a), y(b)

)
= 0,

ãäå L1 ∈ C(R2), L2 ∈ C(R4), L1(s1,−s2) âîçðàñòàåò ïî s1 è íå óáûâàåò ïî s2,
à L2(z1, z2, z3, z4) âîçðàñòàåò ïî z2 è íå óáûâàåò ïî z1, z3, z4. Äîêàçàòåëüñòâî
ïðîâîäèòñÿ, êàê â òåîðåìå 3 ðàáîòû [1, c. 102].

4. Óðàâíåíèÿ âòîðîãî ïîðÿäêà êàê ÷àñòíûé ñëó÷àé ñèñòåìû äâóõ
óðàâíåíèé ïåðâîãî ïîðÿäêà. Ðàññìîòðèì êðàåâóþ çàäà÷ó

F (t, x, x′, x′′) = 0, (28)

x(a) = ϕ
(
x′(a)

)
, x(b) = −ψ

(
x′(b)

)
, (29)

ãäå F ∈ C(I × R3), ϕ, ψ ∈ C(R).
Ñëåäñòâèåì òåîðåìû 6 è çàìå÷àíèÿ 7.1 ÿâëÿåòñÿ

Òåîðåìà 8. Ïóñòü ϕ(s), ψ(s) íå óáûâàþò ïî s (â ÷àñòíîñòè, ïîñòîÿííûå), à
F (t, x, x′, x′′) âîçðàñòàåò ïî x, íå âîçðàñòàåò ïî x′ è óáûâàåò ïî x′′. Òîãäà
çàäà÷à (28), (29) íå ìîæåò èìåòü äâóõ ðåøåíèé.
Çàìå÷àíèå 8.1. Óñëîâèÿ ìîíîòîííîñòè äëÿ ôóíêöèè F ïðè âûïîëíåíèè âñåõ
äðóãèõ óñëîâèé òåîðåìû 8 ÿâëÿþòñÿ äîñòàòî÷íûìè, íî íå íåîáõîäèìûìè äëÿ
åäèíñòâåííîñòè ðåøåíèÿ êðàåîâîé çàäà÷è (28), (29). Íàïðèìåð êðàåâàÿ çàäà÷à
(10) ïðè 0 < α(t) < 1, t ∈ I, èìååò åäèíñòâåííîå ðåøåíèå, õîòÿ óñëîâèÿ òåî-
ðåìû 8 äëÿ ôóíêöèè F = x′′ − α(t) sin x′′ íå âûïîëíÿþòñÿ. Òî æå ñàìîå ìîæíî
ñêàçàòü è î ïðîñòåéøåé ëèíåéíîé çàäà÷å

x′′ + x = 0, x(a) = A, x(b) = b,

äëÿ êîòîðîé F âîçðàñòàåò ïî x è x′′. Âìåñòå ñ òåì ìîæíî ïðèâåñòè ïðèìåðû,
êîãäà ïðè íå âûïîëíåíèè óñëîâèé òåîðåìû 8 åäèíñòâåííîñòü ðåøåíèÿ êðàåîâîé
çàäà÷è íàðóøàåòñÿ. Òàê, çàäà÷à

x′′ = (x′′)3, x(a) = A, x(b) = B (30)

èìååò 3 ðåøåíèÿ. Îòìåòèì, ÷òî äëÿ çàäà÷è (30) íå âûïîëíÿþòñÿ òàêæå
óñëîâèÿ (3) è (9) òåîðåìû 2.
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Çàìå÷àíèå 8.2. Èíîãäà ñ ïîìîùüþ òåîðåìû 8 ìîæíî ñäåëàòü âûâîä î ðàçðå-
øèìîñòè íåëèíåéíîé êðàåâîé çàäà÷è. Òàê, êðàåâàÿ çàäà÷à

x3 − (x′′)3 = 0, x(a) = A, x(b) = B,

äëÿ êîòîðîé âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 8, ìîæåò èìåòü òîëüêî åäèí-
ñòâåííîå ðåøåíèå. Ïîñêîëüêó

x3 − (x′′)3 = (x− x′′)
(
(x′′)2 + xx′′ + x2

)
,

à çàäà÷à
x− x′′ = 0, x(a) = A, x(b) = B

èìååò åäèíñòâåííîå ðåøåíèå, òî ðåøåíèå çàäà÷è

(x′′)2 + xx′′ + x2 = 0, x(a) = A, x(b) = B

íå ñóùåñòâóåò, åñëè |A|+ |B| > 0.

Äëÿ óðàâíåíèÿ (28) ðàññìîòðèì çàäà÷ó

x′(a) = ϕ
(
x(a)

)
, x′(b) = −ψ

(
x(b)

)
, (31)

ãäå F ∈ C(I × R3), ϕ, ψ ∈ C(R).
Òåîðåìà 9. Ïóñòü ôóíêöèè ϕ(s), ψ(s) óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 8, à
F (t, x, x′, x′′) âîçðàñòàåò ïî x è ïî x′ è óáûâàåò ïî x′′. Òîãäà çàäà÷à (28), (31)
íå ìîæåò èìåòü äâóõ ðåøåíèé.

Äàííàÿ òåîðåìà ÿâëÿåòñÿ ñëåäñòâèåì óòâåðæäåíèÿ, êîòîðîå ïîëó÷àåòñÿ èç
òåîðåìû 5 è çàìå÷àíèÿ 7.1, åñëè â íèõ çàìåíèòü x íà y è y íà x.
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