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Î ðåøåíèè îäíîìåðíîé îáðàòíîé çàäà÷è Ñòåôàíà

Ðàññìîòðèì îäíîìåðíóþ íåñòàöèîíàðíîóþ çàäà÷ó Ñòåôàíà, êîòîðàÿ çàêëþ÷àåòñÿ â îï-
ðåäåëåíèè òåìïåðàòóðíîãî ïîëÿ u(x, t) è ïîäâèæíîé êîîðäèíàòû ðàçäåëà ôàç x0(t) èç
ñîîòíîøåíèé [ 1 � 3 ]

L
[
u(x, t), x0(t)

] ≡ c(u)ρ(u)
∂u

∂t
− ∂

∂x

(
λ(u)

∂u

∂x

)
+ q(u)u−

−pẋ0(t)δ
(
x− x0(t)

)
= W (x, t), 0 < x < l, t > 0;

(1)

u(x, 0) = u0(x), 0 ≤ x ≤ l; u
(
x0(t), t

)
= us, t > 0,

∂u(0, t)/∂x = h(u)
[
u(0, t)− ψ1(t)

]
, ∂u(l, t)/∂x = h(u)

[
ψ2(t)− u(l, t)

]
.

(2)

Çäåñü t � âðåìÿ; x � êîîðäèíàòà; W (x, t) � ïîëå òåïëîèñòî÷íèêîâ; u0(x) � íà÷àëüíîå
ðàñïðåäåëåíèå òåìïåðàòóðû; us , p � òåìïåðàòóðà è ñêðûòàÿ òåïëîòà ôàçîâîãî ïåðåõîäà;
ẋ0(t) = dx0(t)/dt � ñêîðîñòü ïåðåìåùåíèÿ ãðàíèöû ðàçäåëà ôàç; ψ1(t) , ψ2(t) � òåìïåðà-
òóðû âíåøíèõ ñðåä; δ(·) � äåëüòà-ôóíêöèÿ Äèðàêà. Ïðåäïîëîæèì, ÷òî òåïëîôèçè÷åñêèå
õàðàêòåðèñòèêè ñðåäû λ(u) , c(u) , ρ(u) , h(u) , q(u) � êóñî÷íî ïîñòîÿííûå ôóíêöèè âèäà
λ(u) = λ1 + λ0η(u− us) , λ1 + λ0 = λ2 , η(u− us) � ôóíêöèÿ Õåâèñàéäà.

Ïðè îïòèìèçàöèè òåïëîâûõ ïðîöåññîâ, ñîïðîâîæäàþùèõñÿ ôàçîâûìè ïðåâðàùåíèÿìè
ñðåäû, âîçíèêàåò îáðàòíàÿ çàäà÷à Ñòåôàíà: ïî çàäàííîìó çàêîíó ïåðåìåùåíèÿ ãðàíèöû
ðàçäåëà ôàç

x0(t) = x∗(t), 0 ≤ t ≤ T, (3)

êàê ñëåäñòâèþ, îïðåäåëèòü ïðè÷èíó � ïîëå òåïëîèñòî÷íèêîâ W (x, t) � êóñî÷íî íåïðå-
ðûâíóþ ïî x è t ôóíêöèþ, óäîâëåòâîðÿþùóþ îãðàíè÷åíèÿì

Wmin ≤ W (x, t) ≤ Wmax, 0 ≤ x ≤ l, 0 ≤ t ≤ T (4)

è îáåñïå÷èâàþùóþ äîñòèæåíèå çàäàííîãî êîíå÷íîãî ðàñïðåäåëåíèÿ òåìïåðàòóðû ïðè
t = T > 0

u(x, T ) = uT (x), 0 ≤ x ≤ l. (5)

Çàäà÷è ïîäîáíîãî òèïà îòíîñÿòñÿ ê êëàññó íåêîððåêòíî ïîñòàâëåííûõ [ 2 ]. Ïîýòîìó
âñå äàëüíåéøèå ðàññóæäåíèÿ ñòðîÿòñÿ â ïðåäïîëîæåíèè, ÷òî ðåøåíèå ðàññìàòðèâàåìîé
îáðàòíîé çàäà÷è ñóùåñòâóåò.

Íèæå ïðåäëîæåí ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è (1) � (5) è îïðåäåëåíû óñëîâèÿ, ïðè
êîòîðûõ îíà èìååò åäèíñòâåííîå ðåøåíèå.

1. Ïðåäïîëîæèì, ÷òî u0(x) , uT (x) � íåïðåðûâíûå ôóíêöèè, óäîâëåòâîðÿþùèå óñ-
ëîâèÿì: u0(x1) = uT (x2) = us , 0 < x1 < x2 < l , 0 < u0 = u0(0) < us < ul = u0(l) ,
0 < uT = uT (0) < us < ulT = uT (l) ,

u0(x) =

{
u 01(x), 0 ≤ x ≤ x1,

u 02(x), x1 ≤ x ≤ l,
uT (x) =

{
u 11(x), 0 ≤ x ≤ x2,

u 12(x), x2 ≤ x ≤ l,
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ãäå uij(x) , i = 0 , 1 ; j = 1 , 2 � äâàæäû äèôôåðåíöèðóåìûå ôóíêöèè. Ïóñòü
ψ1(t) , ψ2(t) îáëàäàþò ïåðâûìè ïðîèçâîäíûìè, x∗(t) � äîñòàòî÷íî ãëàäêàÿ ìîíîòîííî
âîçðàñòàþùàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì ñîãëàñîâàíèÿ ñ íà÷àëüíûì è êîíå÷-
íûì ðàñïðåäåëåíèÿìè òåìïåðàòóðû u0(x) , uT (x)

x∗(0) = x1, x∗(T ) = x2, ẋ∗(0) =
[
λ1u

′
01(x1)− λ2u

′
02(x1)

]
/p,

ẋ∗(T ) =
[
λ1u

′
11(x2)− λ2u

′
12(x2)

]
/p, u

′
ij(x) = duij(x)/dx, i = 0, 1; j = 1, 2.

(6)

Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è (1) � (5) îáðàòèìñÿ ê èäåå ìåòîäà ïîäñòàíîâêè, ïðèìå-
íÿåìîãî äëÿ ðåøåíèÿ çàäà÷ òåðìèíàëüíîãî óïðàâëåíèÿ [ 4 � 6 ]. Åñëè ïîñòðîèòü íåïðå-
ðûâíóþ â çàìêíóòîé îáëàñòè Ω = { (x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T } ôóíêöèþ u

(
x, t; x∗(t)

)
,

óäîâëåòâîðÿþùóþ óñëîâèÿì (2), (5) è óñëîâèþ òåïëîâîãî áàëàíñà íà ãðàíèöå ôàçîâîãî
ïåðåõîäà

λ1ux

(
x∗(t)− 0, t; x∗(t)

)− λ2ux

(
x∗(t) + 0, t; x∗(t)

)
= pẋ∗(t), 0 ≤ t ≤ T (7)

(ux îáîçíà÷àåò ÷àñòíóþ ïðîèçâîäíóþ ∂u/∂x ), òî ðàñïðåäåëåíèå W
(
x, t; x∗(t)

)
íàéäåì

ïî ôîðìóëå
W

(
x, t; x∗(t)

)
= L

[
u
(
x, t; x∗(t)

)
, x∗(t)

]
, (x, t) ∈ Ω, (8)

ò. å. ïóòåì ïîäñòàíîâêè â ëåâóþ ÷àñòü óðàâíåíèÿ (1) çàäàííîé çàâèñèìîñòè x∗(t) è
ñïåöèàëüíî ïîäîáðàííîé ôóíêöèè u

(
x, t; x∗(t)

)
.

Îïðåäåëåíèå ôóíêöèè u
(
x, t; x∗(t)

)
ñâåäåì ê ðåøåíèþ ñëåäóþùåé çàäà÷è äâóìåðíîé

èíòåðïîëÿöèè: ïîñòðîèòü íåïðåðûâíóþ â çàìêíóòîé îáëàñòè Ω ôóíêöèþ

u
(
x, t; x∗(t)

)
=

{
u1

(
x, t; x∗(t)

)
, 0 ≤ x ≤ x∗(t), 0 ≤ t ≤ T,

u2

(
x, t; x∗(t)

)
, x∗(t) ≤ x ≤ l, 0 ≤ t ≤ T,

óäîâëåòâîðÿþùóþ óñëîâèÿì èíòåðïîëÿöèè:

u1

(
x, 0; x∗(0)

)
= u01(x), u1

(
x, T ; x∗(T )

)
= u11(x), u1(0, t; x∗) = µ0(t),

u1(x∗, t; x∗) = us, u1x(0, t; x∗) = η0(t), u1x(x∗, t; x∗) = g1(t),

u2

(
x, 0; x∗(0)

)
= u02(x), u2

(
x, T ; x∗(T )

)
= u12(x), u2(x∗, t; x∗) = us,

u2(l, t; x∗) = µ1(t), u2x(x∗, t; x∗) = g2(t), u2x(l, t; x∗) = η1(t).

(9)

Çäåñü µ0(t) , µ1(t) , g1(t) , η0(t) = h1

[
µ0(t) − ψ1(t)

]
, η1(t) = h2

[
ψ2(t) − µ1(t)

]
, g2(t) =

=
[
λ1g1(t) − pẋ∗(t)

]
/λ2 , 0 ≤ t ≤ T � äèôôåðåíöèðóåìûå ôóíêöèè, óäîâëåòâîðÿþùèå

óñëîâèÿì ñîïðÿæåíèÿ:

µ0(0) = u01(0) = u0, u0(x1) = us, µ1(0) = u02(l) = ul, µ0(T ) = u11(0) = uT ,

uT (x2) = us, µ1(T ) = u12(l) = u lT , η0(0) = u
′
01(0) = h1

[
u0 − ψ1(0)

]
,

η0(T ) = u
′
11(0) = h1

[
uT − ψ1(T )

]
, g1(0) = u

′
01(x1), g2(0) = u

′
02(x1),

g1(T ) = u
′
11(x2), g2(T ) = u

′
12(x2), η1(0) = u

′
02(l) = h2

[
ψ2(0)− ul

]
,

η1(T ) = u
′
12(l) = h2

[
ψ2(T )− u lT

]
,

(10)

ãäå u0 , ul , uT , u lT � çàäàííûå ïîëîæèòåëüíûå ÷èñëà. Ãðàíè÷íûå óñëîâèÿ ïðè x = 0 ,
x = l è óñëîâèå Ñòåôàíà (7) äëÿ ôóíêöèè u

(
x, t; x∗(t)

)
âûïîëíÿþòñÿ çà ñ÷åò ñïåöèàëü-

íîãî âûáîðà çàâèñèìîñòåé η0(t) , η1(t) è g2(t) .
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Â ïðîñòðàíñòâå ïåðåìåííûõ x , t , u óðàâíåíèÿ u = u1

(
x, t; x∗(t)

)
, u = u2

(
x, t; x∗(t)

)
îïèñûâàþò ÷åòûðåõñòîðîííèå ïîðöèè ïîâåðõíîñòè [ 7 ], êîòîðûå íåîáõîäèìî èíòåðïîëè-
ðîâàòü ïî çàäàííûì ãðàíè÷íûì êðèâûì è ãðàíè÷íûì íàêëîíàì â íàïðàâëåíèÿõ, òðàíñ-
âåðñàëüíûõ ãðàíèöàì (óñëîâèÿ èíòåðïîëÿöèè (9)). Ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è
èåòåðïîëÿöèè, â îòëè÷èå îò ðåøåííîé â [ 7 ], óñëîæíÿåòñÿ òåì, ÷òî îáëàñòè îïðåäåëåíèÿ
ôóíêöèéu = ui

(
x, t; x∗(t)

)
, i = 1 , 2 îãðàíè÷åíû êðèâîé x = x∗(t), íåïàðàëëåëüíîé îñÿì

êîîðäèíàò. Ýòà òðóäíîñòü îêàçûâàåòñÿ ïðåîäîëèìîé, åñëè èñêîìûå èíòåðïîëèðóþùèå
ôóíêöèè ïðåäñòàâèòü â âèäå

u1

(
x, t; x∗(t)

)
= u01(x; x∗)[1− g11(t)] + u11(x; x∗)g21(t) +

{
µ0(t)−

−u0[1− g11(t)]− uT g21(t)
}[

1− g31(x; x∗)
]
+ us

[
g11(t)− g21(t)

]
g41(x; x∗)+

+
{
η0(t)− u

′
01(0)[1− g11(t)]− u

′
11(0)g21(t)

}
g51(x; x∗)+

+
{
g1(t)− u

′
01(x1)[1− g11(t)]− u

′
11(x2)g21(t)

}
g61(x; x∗),

u2

(
x, t; x∗(t)

)
= u02(x; x∗)[1− g12(t)] + u12(x; x∗)g22(t) + us

[
g12(t)−

−g22(t)
][

1− g32(x; x∗)
]
+

{
µ1(t)− ul[1− g12(t)]− u lT g22(t)

}
g42(x; x∗)+

+
{
g2(t)− u

′
02(x1)[1− g12(t)]− u

′
12(x2)g22(t)

}
g52(x; x∗)+

+
{
η1(t)− u

′
02(l)[1− g12(t)]− u

′
12(l)g22(t)

}
g62(x; x∗).

(11)

Çäåñü u01

(
x; x∗(t)

)
, u11

(
x; x∗(t)

)
, gi1

(
x; x∗(t)

)
, 0 ≤ x ≤ x∗(t); u02

(
x; x∗(t)

)
, u12

(
x; x∗(t)

)
,

gi2

(
x; x∗(t)

)
, x∗(t) ≤ x ≤ l; i = 3, 6 � äâàæäû äèôôåðåíöèðóåìûå ïî x , gij(t),

0 ≤ t ≤ T, i, j = 1, 2 � äèôôåðåíöèðóåìûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì,
îáåñïå÷èâàþùèì âûïîëíåíèå (9):

uij(x∗; x∗) = us, i = 0, 1; j = 1, 2,

u01x(0; x∗) = u
′
01(0), u01x(x∗; x∗) = u

′
01(x1), u11x(0; x∗) = u

′
11(0),

u11x(x∗; x∗) = u
′
11(x2), u02x(x∗; x∗) = u

′
02(x1), u02x(l; x∗) = u

′
02(l),

u12x(x∗; x∗) = u
′
12(x2), u12x(l; x∗) = u

′
12(l), u01

(
x; x∗(0)

)
= u01(x),

u11

(
x; x∗(T )

)
= u11(x), u02

(
x; x∗(0)

)
= u02(x), u12

(
x; x∗(T )

)
= u12(x),

gi1(0; x∗) = 0, gi2(x∗; x∗) = 0, i = 3, 6,

g31(x∗; x∗) = g41(x∗; x∗) = g32(l; x∗) = g42(l; x∗) = 1, g51(x∗; x∗) =

= g61(x∗; x∗) = g52(l; x∗) = g62(l; x∗) = 0, gi1x(0; x∗) = gi1x(x∗; x∗) =

= gi2x(x∗; x∗) = gi2x(l; x∗) = 0, i = 3, 4, g51x(0; x∗) = g61x(x∗; x∗) =

= g52x(x∗; x∗) = g62x(l; x∗) = 1, g61x(0; x∗) = g51x(x∗; x∗) = g52x(l; x∗) =

= g62x(x∗; x∗) = 0, gij(0) = 0, gij(T ) = 1, i j = 1, 2.

(12)

Ýòè ôóíêöèè, êàê è µ0(t), µ1(t), g1(t), ìîæíî ïîñòðîèòü, íàïðèìåð, â âèäå ñòåïåííûõ
ïîëèíîìîâ g(z) =

N∑
n=0

γnz
n, z = x, t. Òîãäà ïðè N > 1 äëÿ z = t è ïðè N > 3 äëÿ z = x

÷àñòü êîýôôèöèåíòîâ γn ìîæåò âûáèðàòüñÿ ïðîèçâîëüíî. Ïîäñòàíîâêà ôóíêöèé (11) è
çàäàííîé çàâèñèìîñòè x∗(t) â (8) äàåò îãðàíè÷åííîå ðåøåíèå îáðàòíîé çàäà÷è (1) � (5).

2. Àíàëèç ñîîòíîøåíèé (11) ïîçâîëÿåò âûäåëèòü ñëó÷àé, êîãäà ñóùåñòâóåò åäèíñòâåí-
íîå ðåøåíèå îáðàòíîé çàäà÷è Ñòåôàíà (1) � (5). Ïóñòü ψ̈i(t) = 0, i = 1, 2, à íà÷àëüíîå è
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êîíå÷íîå òåìïåðàòóðíûå ñîñòîÿíèÿ u0(x), uT (x) îïðåäåëÿþòñÿ çàâèñèìîñòÿìè

u01(x) =
{
x1

[
u
′
01(x1) + u

′
01(0)

]− 2(us − u0)
}
x−3

1 x3 +
{
3(us − u0)−

−x1

[
u
′
01(x1) + 2u

′
01(0)

]}
x−2

1 x2 + u
′
01(0)x + u0,

u02(x) =
{
(l − x1)

[
u
′
02(x1) + u

′
02(l)

]− 2(ul − us)
}
(l − x1)

−3(x− x1)
3+

+
{
3(ul − us)− (l − x1)

[
2u

′
02(x1) + u

′
02(l)

]}
(l − x1)

−2(x− x1)
2+

+u
′
02(x1)(x− x1) + us,

u11(x) =
{
x2

[
u
′
11(0) + u

′
11(x2)

]− 2(us − uT )
}
x−3

2 x3+

+
{
3(us − uT )− x2

[
2u

′
11(0) + u

′
11(x2)

]}
x−2

2 x2 + u
′
11(0)x + uT ,

u12(x) =
{
(l − x2)

[
u
′
12(x2) + u

′
12(l)

]− 2(u lT − us)
}
(l − x2)

−3(x− x2)
3+

+
{
3(u lT − us)− (l − x2)

[
2u

′
12(x2) + u

′
12(l)

]}
(l − x2)

−2(x− x2)
2+

+u
′
12(x2)(x− x2) + us.

Â ýòîì ñëó÷àå ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Ò å î ð å ì à. à) Äëÿ çàäàííîãî çàêîíà ïåðåìåùåíèÿ ãðàíèöû ðàçäåëà ôàç (3) â êëàññå

ôóíêöèé, óäîâëåòâîðÿþùèõ óðàâíåíèÿì

∂4u

∂x4
= 0,

∂2

∂t2
u
(
x, t; x∗(t)

)
= 0, (x, t) ∈ Ω (12)

(çäåñü ïðîèçâîäíàÿ ïî t ïîíèìàåòñÿ êàê ÷àñòíàÿ ïðîèçâîäíàÿ ïî îäíîé èç òðåõ ïåðå-
ìåííûõ x, t, x∗ ), ñóùåñòâóåò åäèíñòâåííîå ïðåäñòàâëåíèå äëÿ íåïðåðûâíîé â çàìêíó-
òîé îáëàñòè Ω ôóíêöèè u

(
x, t; x∗(t)

)
, êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì (2), (5), (7).

á) Åñëè äëÿ çàäàííûõ çàâèñèìîñòåé x∗(t), u0(x), uT (x) îãðàíè÷åííîå ðåøåíèå îá-
ðàòíîé çàäà÷è (1) � (5) ñóùåñòâóåò, òî ðàñïðåäåëåíèþ òåìïåðàòóðû u

(
x, t; x∗(t)

)
, óäîâ-

ëåòâîðÿþùåìó óñëîâèÿì ï. à), ñîîòâåòñòâóåò åäèíñòâåííîå ðàñïðåäåëåíèå òåïëîèñ-
òî÷íèêîâ W

(
x, t; x∗(t)

)
, îïðåäåëÿåìîå ôîðìóëîé (8).

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, íàëè÷èå òîëüêî óñëîâèé (10), (12) íåäîñ-
òàòî÷íî äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ çàâèñèìîñòåé µ0(t), µ1(t), g1(t), uij

(
x; x∗(t)

)
,

i = 0, 1, j = 1, 2; gij(t), i, j = 1, 2; gij

(
x; x∗(t)

)
, i = 3, 6, j = 1, 2, à çíà÷èò, è

ôóíêöèé u1

(
x, t; x∗(t)

)
è u2

(
x, t; x∗(t)

)
â âèäå (11). Îäíàêî ôóíêöèè (11) óäîâëåòâîðÿþò

óðàâíåíèÿì (13) ëèøü â åäèíñòâåííîì ñëó÷àå, êîãäà ïåðå÷èñëåííûå çàâèñèìîñòè ïîñòðî-
åíû â âèäå ïîëèíîìîâ ìèíèìàëüíîé ñòåïåíè, äîñòàòî÷íîé äëÿ óäîâëåòâîðåíèÿ óñëîâèÿì
(10), (12): òðåòüåé ñòåïåíè ïî x è ïåðâîé � ïî t . Èòàê, ïðåäñòàâëåíèÿ (11) â ðàññìàòðè-
âàåìîì ñëó÷àå îäíîçíà÷íû. Äîêàæåì, ÷òî îíè åäèíñòâåííû äëÿ ôóíêöèé u

(
x, t; x∗(t)

)
,

óäîâëåòâîðÿþùèõ óñëîâèÿì(2), (5), (7) è óðàâíåíèÿì (13). Äëÿ ýòîãî ïîñòðîèì ðåøåíèÿ
ui

(
x, t; x∗(t)

)
, i = 1, 2 óðàâíåíèÿ ∂4u/∂x4 = 0, óäîâëåòâîðÿþùèå óñëîâèÿì

u1

(
x∗(t), t; x∗

)
= us,

∂u1(0, t; x∗)
∂x

= h1

[
u1(0, t; x∗)− ψ1(t)

]
,

∂u1

(
x∗(t), t; x∗

)

∂x
= g1(t);

4



u2

(
x∗(t), t; x∗

)
= us,

∂u2

(
x∗(t), t; x∗

)

∂x
= g2(t),

∂u2(l, t; x∗)
∂x

= h2

[
ψ2(t)− u2(l, t; x∗)

]
;

ui

(
x, 0; x∗(0)

)
= u0i(x), ui

(
x, T ; x∗(T )

)
= u1i(x), i = 1, 2 .

Ïîëó÷èì
u1

(
x, t; x∗(t)

)
=

{
x∗(t)

[
η0(t) + g1(t)

]− 2
[
us − µ0(t)

]}
x−3
∗ (t)x3+

+
{
3
[
us − µ0(t)

]− x∗(t)
[
2η0(t) + g1(t)

]}
x−2
∗ (t)x2 + η0(t)x + µ0(t),

u2

(
x, t; x∗(t)

)
=

{[
l − x∗(t)

][
g2(t) + η1(t)

]− 2
[
µ1(t)− us

]}[
l−

−x∗(t)
]−3[

x− x∗(t)
]3

+
{
3
[
µ1(t)− us

]− [
l − x∗(t)

][
2g2(t)+

+η1(t)
]}[

l − x∗(t)
]−2[

x− x∗(t)
]2

+ g2(t)
[
x− x∗(t)

]
+ us,

(14)

ãäå η0(t) = h1

[
µ0(t) − ψ1(t)

]
, g2(t) =

[
λ1g1(t) − pẋ∗(t)

]
/λ2, η1(t) = h2

[
ψ2(t) − µ1(t)

]
è

ñ ó÷åòîì âòîðîãî óðàâíåíèÿ (13) µ0(t) = u0 − (u0 − uT )t/T ; µ1(t) = ul − (ul − u lT )t/T,
g1(t) = u

′
01(x1)−

[
u
′
01(x1)−u

′
11(x2)

]
t/T. Ñ äðóãîé ñòîðîíû, ïîäñòàíîâêà â (11) çàâèñèìîñòåé

uij

(
x; x∗(t)

)
, i = 0, 1, j = 1, 2; gij(t), i, j = 1, 2; gij

(
x; x∗(t)

)
, i = 3, 6, j = 1, 2, ïî-

ñòðîåííûõ â âèäå ïîëèíîìîâ òðåòüåé ñòåïåíè ïî x è ïåðâîé � ïî t, òàêæå ïðèâîäèò ê
âûðàæåíèÿì (14). Òåîðåìà äîêàçàíà.

Ï ð è ì å ð. Ïóñòü îáëàñòü, çàíÿòàÿ òåïëîíåñóùåé ñðåäîé, ïðåäñòàâëÿåò ïðîòÿæåííûé
öèëèíäð äëèíû l è íåáîëüøîãî ðàäèóñà R ¿ l, çàòâåðäåâàþùèé ñ îäíîãî êîíöà ïðè ïëîñêîì
ôðîíòå êðèñòàëëèçàöèè [ 8, 9 ]. Åñëè ñ ïîâåðõíîñòè öèëèíäðà îñóùåñòâëÿåòñÿ òåïëîîòâîä âî
âíåøíþþ ñðåäó ïî çàêîíó Íüþòîíà, òî îïðåäåëåíèå óñðåäíåííîãî ïî ðàäèóñó òåìïåðàòóðíîãî
ïîëÿ â öèëèíäðå u(x, t) è ïîäâèæíîé êîîðäèíàòû ôðîíòà êðèñòàëëèçàöèè x0(t) ñâîäèòñÿ ê
ðåøåíèþ îäíîìåðíîé íåñòàöèîíàðíîé çàäà÷è Ñòåôàíà (1), (2), ãäå q(u) = 2α(u)/R; W (x, t) =
= 2α(u)ϕ(x, t)/R; α(u) = α1 +α0η(u−us); α1 +α0 = α2; α1, α2 � êîýôôèöèåíòû òåïëîîáìåíà;
ϕ(x, t) � òåìïåðàòóðà âíåøíåé ñðåäû íà áîêîâîé ïîâåðõíîñòè öèëèíäðà [ 10 ].

Â äàííîì ñëó÷àå îáðàòíàÿ çàäà÷à Ñòåôàíà (1) � (5) ñîñòîèò â îïðåäåëåíèè òàêîãî ðàñïðåäå-
ëåíèÿ òåìïåðàòóðû âíåøíåé ñðåäû ϕ(x, t), ïðè÷åì 0 ≤ ϕ(x, t) ≤ ϕmax, (x, t) ∈ Ω, ïðè êîòîðîì
êîîðäèíàòà ôðîíòà êðèñòàëëèçàöèè x0(t) èçìåíÿåòñÿ âî âðåìåíè ñîãëàñíî çàäàííîìó çàêîíó
(3) è îáåñïå÷èâàåòñÿ äîñòèæåíèå çàäàííîãî êîíå÷íîãî ðàñïðåäåëåíèÿ óñðåäíåííîé òåìïåðàòóðû
(5). Ñîãëàñíî (8) ðåøåíèå ðàññìàòðèâàåìîé îáðàòíîé çàäà÷è çàïèñûâàåòñÿ â âèäå

ϕ
(
x, t; x∗(t)

)
=

R

2α(u)
L

[
u
(
x, t; x∗(t)

)
, x∗(t)

]
, (x, t) ∈ Ω. (15)

Â ÷àñòíîñòè, äëÿ öèäèíäðà ñ òåïëîèçîëèðîâàííûì òîðöîì x = l
(
u
′
02(l) = u

′
12(l) = 0,

η1(t) ≡ 0
)

ïðè èñõîäíûõ äàííûõ l = 10 ñì, T = 1600 c, x1 = 1 ñì, x2 = 9 ñì, R/l = 0, 05,

u
′
0(x1) = α1(l − x1)(u0 − ψ1)/λ1l, ψ1 = 980K, u0 = 1180K, ul = 1310K, uT = 1010 K,

ulT = 1220K, us = 1210K (òåïëîíåñóùàÿ ñðåäà � ãåðìàíèé [ 11, 12 ]) äëÿ ñëó÷àåâ
x∗(t) = x1 + (x2 − x1)t/T,

x∗(t) = x1 + (x2 − x1)(2T 2 + Tt− t2)t/2T 3

ïî ôîðìóëå (15) ñ èñïîëüçîâàíèåì u
(
x, t; x∗(t)

)
â âèäå (14) ðàññ÷èòàíî ðàñïðåäåëåíèå òåìïåðà-

òóðû âíåøíåé ñðåäû ϕ
(
x, t; x∗(t)

)
. Ïîëó÷åííûå ðåøåíèÿ ϕ

(
x, t; x∗(t)

)
ïðåäñòàâëÿþò îãðàíè-

÷åííûå ôóíêöèè, ïðèíèìàþùèå çíà÷åíèÿ ñîîòâåòñòâåííî â ïðåäåëàõ 705K ≤ ϕ
(
x, t; x∗(t)

) ≤
≤ 9937K, 153K ≤ ϕ

(
x, t; x∗(t)

) ≤ 6574K è òåðïÿùèå ðàçðûâû ïåðâîãî ðîäà ïðè x = x∗(t).
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